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Measuring Angles

» An angle gives us a measure of
the intersect between to lines.

» Usually angles are counted from P il
0° t0 360° degrees. -
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Linear Algebra Linear Algebra - Angles and Trigonometry

Measuring Angles

» An angle gives us a measure of
the intersect between to lines.

» Usually angles are counted from
0° t0 360° degrees.

» Defining a full angle as 360° is
common but actually arbitrary. -

> Less arbitrary is the use of the
actual length of the enclosed
arc-segment called the Radian.

» For this we need a way to |
determine the length of an
arc-segment.
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The number 7

75.39
—— =314159... =7
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Linear Algebra Linear Algebra - Angles and Trigonometry

The number 7

56.54 cm

75.39 56.54
—— =3.14159... =7 and —— =3.14159... =7
24 18

Circumference of a circle: 27rr
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Measuring Angles

» Defining a full angle as 360° is
common but actually arbitrary — .....

> Less arbitrary is the use of the
actual length of the enclosed
arc-segment called the Radian

» Thus 360° = 27, 90° = 7,
180° =m7...
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Linear Algebra Linear Algebra - Angles and Trigonometry

Measuring Angles

» Defining a full angle as 360° is
common but actually arbitrary — .....

> Less arbitrary is the use of the
actual length of the enclosed
arc-segment called the Radian

» Thus 360° = 27, 90° = 7,
180° =m7...

> Radxto Degree: x - & 11%
2

» DegreedtoRad:d - 55
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Angle Conversion Examples

™

» Degree to Radians: d - 575

Oldeg = 34°
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Angle Conversion Examples

» Degree to Radians: d - 575
Oldeg = 34°
T
=34°.
180°

Linear Algebra -

Angles and Trigonometry
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» Degree to Radians: d - 575
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T
=34°.
180°
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Angle Conversion Examples

» Degree to Radians: d -

180O
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Angle Conversion Examples
» Degree to Radians: d - 575
Oldeg = 34°
s

180°
34°.m  106.81°

T180°  180°

=34°.

= 0.593 = Qyaq

> Radians to Degree: x - 15

3
Qrad = ZT(

3 180°
—
4 s
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Linear Algebra Linear Algebra - Angles and Trigonometry

Angle Conversion Examples

» Degree to Radians: d -

1800
Oldeg = 34°
T
=34° .
180°
34° - 106.81°
- - = 0.593 = a4
180° 180°
> Radians to Degree: x - 15
3
Orad = ZT(
3 180°
=-7
4 ™
3 [¢] o
=2 180° = 135° = ageg
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Linear Algebra Linear Algebra - Angles and Trigonometry

Sine and Cosine

» The sine and cosine of an angle
can be interpreted as the x and y
coordinates of the location on the
unit circle at angle .

x = cos(a) <= a = cos '(x)

y =sin(a) <= a=sin"'(x)

e g » Click here for interactive demo.
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https://www.geogebra.org/m/WHgHyG7Z

Linear Algebra Linear Algebra - Angles and Trigonometry

Sine and Cosine

> g2 4 b= 2

. __ b __ _opposite
> Sm(a) ~ ¢ = hypothenuse
> ( ) _a ___adjacent

cosla) = ¢ = hypothenuse

cos(cx) a — adjacent

> tan(a) = S _ b _ opposite
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Linear Algebra Linear Algebra - Vectors

Vectors in the Cartesian Coordinate System

Vi \ . o .
> Avectorv = <vx> is a geometric object that has length and direction
y

» Think of it as an arrow from the origin to the point (vy, vy)
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Linear Algebra Linear Algebra - Vectors

Vectors in more dimensions

» Vectors can be defined in higher-dimensional coordinate systems as well

Vx
> eg.,in3D:v=[v
Vz
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Linear Algebra Linear Algebra - Vectors

Vector Addition
Ay n by _ ay + by _ (%
ay by ay + by ¢
4=
3.52
: (2,3)
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Linear Algebra Linear Algebra - Vectors

Scalar Multiplication
sa =S =
(ly S(ly

(2,3)
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Linear Algebra Linear Algebra - Vectors

Exercise 1

1. Compute the circumference of a circle with radius 2 cm
2. Convert an angle of 45° to radians
3. Convert T radians to degrees

4. Given a right triangle with a = 2, b = 3, compute the angle between a
and ¢

5. Letv = (;) andw = <;> . Compute 2(v + w).
6. (optional) Write a python program that can convert angles from degrees

to radians and also from radians to degrees.

7. (optional) Write a python program in which you define a function that
can sum two vectors and another function to multiply a vector by a
number. The vectors should be given as lists.
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Linear Algebra Linear Algebra - Vectors

Length of a vector

» The length of a vector can be calculated using the Pythagorean theorem:

Il = /i +v)

» Graphical Interpretation:
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Linear Algebra Linear Algebra - Vectors

Scalar Product

» The scalar product < a,b > ora - b of two vectors is defined as:
a by

< a, b>=< ay y bz >= a1b1 + tlzbz + ...

and results in a scalar value.
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Linear Algebra Linear Algebra - Vectors

Scalar Product

» The scalar product is related to the angle between the two vectors:
< a,b >=|a||b|cos(a) <= ———— = cos(a)

» Graphical Interpretation:
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Linear Algebra Linear Algebra - Vectors

Scalar Product: Special Cases

» If both vectors a and b point in the same direction:
< a,b >= |a||b|cos(0) = |a]|b|
» Ifboth vectors @ and b are orthogonal to each other:

< a,b >= |a|[blcos(90°) = 0
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Linear Algebra Linear Algebra - Vectors

Angle between Vectors

» The scalar product can be used to calculate the angle between two

vectors
< a,b >=|a||b|cos(cv)
(1.1) _1(< a,b >>
a=cos [ ———
|a|[b]
cos—! (1*1+1*o)
a= —_
> V21
o =cos ™! <L>
(1,0 V2

T
a=— =45°
4
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Linear Algebra Linear Algebra - Vectors

Exercise 2

3 1
1. Letv = 5 andw = 3 ) Compute the scalar product < v,w > and

the vector lengths ||v|| and ||w||. Next, find the angle between these two
vectors.

2. Compute3 < 2 (w + (_14>) ) (:;) >

3. (optional) Write a python function that can find the angle between two
vectors, given as lists. Test the program on the vectors of exercise 1.
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Vector Summary

Vi) . N L
1. Avectorv = (vx> is a geometric object that has length and direction.
y
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Linear Algebra Linear Algebra - Vectors

Vector Summary

Vi) . N L
1. Avectorv = (vx> is a geometric object that has length and direction.
y

z (“y> - (by> B (“y + by) B <Cy>
(5)= (o)
3.sa=s =
ay sy
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Linear Algebra Linear Algebra - Vectors

Vector Summary

Pl

Vi) . N L
. Avectorv = (vx> is a geometric object that has length and direction.
y

ax) by  [ax+Dbe\ [
ay by) \ay+b/) \g
() = (%)
.sa=s =
ay say
. HvH:,/vJZC—i-v)Z,

L

w

A
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Linear Algebra Linear Algebra - Vectors

Vector Summary

Vi) . N L
1. Avectorv = (vx> is a geometric object that has length and direction.
y

ax) byl  (ax+Dbe\ (e
ay by)  \ay+b)  \g
(5)= (o)
. 8a4=S§ =
ay S(Zy

L

w

4. bl = 2+
a by
5. < a, b>=< | a, R b, >=gib; + azb, + . ..
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Linear Algebra Linear Algebra - Vectors

Vector Summary

Vi) . N L
1. Avectorv = (vx> is a geometric object that has length and direction.
y

Ay n byl  (ax+Dbe\ (e
ay by)  \ay+b)  \g
(o) - ()
3. sa=s =
ay sy
4. |v|| = \/vi T3

751 bl
5. < a, b>=< | a, R b, >=gib; + azb, + . ..

L

_ —1 ( <a,b>
6. o = cos < lallb] )
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Linear Algebra Linear Algebra - Matrices

Matrices

> A matrix is an array or table of numbers arranged in rows and columns:

15 25 4
A=|-1 3 2
0O -5 2
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Linear Algebra Linear Algebra - Matrices

Motivation: Linear transformation

> Matrices can specify linear transformations

» The n-th column of the matrix is a vector that specifies to where the n-th
dimension of space is mapped (direction and scaling/compression

factor)
Rotation by 45°
1 1
vz V2
102
082 o8 81

Scaling

05 O
0 05
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Linear Algebra Linear Algebra - Matrices

Matrix-vector multiplication

» Vectors can be multiplied by a matrix, which applies the transformation:
(an au) <x> . <an) +y (m) _ (anx + my)
do1 Gz2) \JY a2 A2 A21X + dz1y
Rotation by 45° Scaling

() (7 o) (&2)

after b

/T~
SISl

1=

08—
06+

04+

before 4 4
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Linear Algebra Linear Algebra - Matrices

Matrix-vector multiplication

» This works with an arbitrary number of dimensions:

an  ap a3 X an an, a3
a1 Az 23 y|=x{an ]| +ylan] +tz]|a:
sz asz  0d33 z as31 asy a33
anx —+ any + ai3Z
= | duX + axy + a3z

a31xX + asy + a33Z
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Linear Algebra Linear Algebra - Matrices

Matrix addition
» Matrices can be added:

1
3
1

vi N O
N AN

2
+{6 O -3
0

1+2 O+1 2+4
=(3+6 240 4-3
140 5—-5 742

Il
— 0 W
O N =
O —= O\
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Linear Algebra Linear Algebra - Matrices

Scalar multiplication

> Matrices can be multiplied by a scalar:

1 0 2 2-1 2-0 2-2 2 0 4
2-1{3 2 4)=12-3 2-2 2-4] =16 4 8
1 5 7 2-1 2-5 2-7 2 10 14
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Linear Algebra Linear Algebra - Matrices

Matrix multiplication

> Matrices can be multiplied with each other:

an a1z

a1 a2

asp s

an a4z by an

= a1 a2 by y | 72
as;  dsp b 31

» Note: a vector is also a matrix

bll blZ bB

bZl bZZ b23

bll b32 b33
an, by, an  an bis
22 by y | G211 a2 b3
57) b, as;  asy bss

» matrix-vector multiplication is a special case of matrix-matrix

multiplication
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Linear Algebra Linear Algebra - Matrices

Matrix multiplication

» Linear transformations can be composed by multiplication

Example: Rotation followed by scaling

1 1 0.5 0.5

SIES
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Linear Algebra Linear Algebra - Matrices

Rotation Matrix

> A rotation matrix can be used to rotate a vector by any desired angle.

- o) = (000 o - ()

September 27, 2024 29/30



Linear Algebra Linear Algebra - Matrices

Exercise 3

1.

. Compute

| (( D+ 2)

. Create a matrix that rotates a vector by 90° by composing the rotation matrix

Create a 2x2 matrix that scales a vector by 2 along the first dimension and by

. . . . 5
0.5 along the second dimension. Test the matrix by scaling the vector ( ! O) .

1

N~ DN

3
4
1 —1

for 45° rotations two times.

. (optional) Write a python function that can multiply a vector by a matrix.

Represent the vector as a list and the matrix as a list of lists, where each inner
list contains the elements of one matrix row. Also, write a python function that
can add two matrices.

. (optional) Write a python program that rotates a 2-dimensional vector by a

certain angle. Plot the original and rotated vector.
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