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Dynamical system
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Dynamical systems
xed point = constant solution
neighboring initial conditions converge = attractor
dx/dt=f(x)
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Bifurcations are instabilities
In families of dynamical systems, which depend
(smoothly) on parameters, the solutions change
qualitatively at bifurcations
at which xed points change stability
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Basic ideas of attractor dynamics
approach
behavioral variables
time courses from dynamical system:
attractors
tracking attractors
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Behavioral variables: example
obstacle

vehicle moving in
2D: heading
direction

∆ψ
ψ
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obstacle avoidance
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arbitrary, but fixed
reference axis
robot

Behavioral dynamics: example
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behavioral constraint: target acquisition
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Behavioral dynamics: example
behavioral constraint: obstacle avoidance
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Behavioral dynamics
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Behavioral dynamics: bifurcations
constraints not in con ict

target
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dφ/dt

φ
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Behavioral dynamics
constraints in con ict

target

obstacle

fl

obstacle

dφ/dt

φ

Behavioral dynamics
transition from “constraints not in con ict”
to “constraints in con ict” is a bifurcation
bifurcation

Φ
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increasing distance
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In a stable state at all times
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model-experiment match: goal
Dynamical Model of Steering

experiment
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Figure 2.

(b)
Human trajectories for turning toward a goal in
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Figure 6.

Model trajectories in Simulation #1 (turning rate (φ̇) vs.

3

model-experiment match: obstacle
experiment

model

Dynamical Model of Steering
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Figure 7. Paths produced by model around obstacles located at 4◦
and 3, 4 or 5 m in Simulation #2.

increases with obstacle angle, such that the function is
continuous and there is a repellor at an obstacle angle
of zero. Unlike the goal component, the obstacle influence decreases to zero as distance goes to infinity. When
parameterized to fit the human data, these two exponentials imply that only obstacles within ±30◦ of the heading direction and less than 4 m ahead exert an appreciable influence on steering behavior. Note that the exponential terms introduce nonlinearity into the system.
Thus, the full model is:
φ̈ = −bφ̇ − k g (φ − ψg )(e−c1 dg + c2 )
!
"
+ ko (φ − ψo ) e−c3 |φ−ψo | (e−c4 do )
(a)

3

(4)

In principle, additional obstacles in the environment
(a)
can be included by simply adding terms to the equation. The model thus scales linearly with the complexity of the scene, and doesn’t blow up in complicated
environments (Large et al., 1999). Furthermore, only
obstacles near the heading direction and a few meters
ahead need to be evaluated, making the model computationally quite tractable. The agent therefore does not
need a memory representation of the entire scene; as
long as the goal location is available to the agent’s sensors, route selection is performed simply on the basis
of the obstacles within a small spatial window ahead.
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φ̈ = −bφ̇ − k g (φ − ψg )(e−c1 dg + c2 )
! −c3 |φ−ψo | " −c4 do
(e
)
+ ko (φ − ψo ) e

(4)

repellor obstacle heading
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the scene, and doesn’t [Fajen
blow up
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Plots of (a) goal angle term, (b) goal distance term, (c) obstacle angle term, and (d) obstacle distance term from

using a least-squares analysis, as the four parameters
were systematically varied. The best fit (r 2 = 0.982)
was found with parameter values of b = 3.25, k g =
7.50, c1 = 0.40, and c2 = 0.40. Using these settings,
the model produced paths to the goal that were virtually identical with human subjects (Fig. 5), turning at

model exhibits both a good quantitativ
fit to the human behavior observed i
and 2.
Simulation #3: Route Selection

4

Obstacle avoidance: sub-symbolic
obstacles need not be segmented
do not care if obstacles are one or multiple:
avoid them anyway…
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Figure 7: invariant!
=> dynamics

Alternative 2nd oder approach
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[Bicho, Schöner, 97]

Potential eld approach
24

Fajen et al.
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in the direction of the local force, traverse a short linear segment, stop, reorient, etc. The details of the paths
resulting from this method would differ from those we
show here, but will be qualitatively similar.
Path 1 shows the trajectory generated by the potential
field method, and path 2 (which is almost a straight
line) that generated by the dynamical model. In this
simulation, the agent moved with a constant translation
speed of 0.5 m/s for both methods. Path 1 has a length of
7.55 meters and was traversed in 15.1 seconds, whereas
Path 2 was only 6.70 meters long and was traversed in
13.4 seconds. We also implemented the potential field
method in a research robot (RWI B21r indoor robot)
and we note that the software simulations closely reflect
the actual trajectories observed.
Figure 14. A typical performance example. Large tick marks indiThe 3D plots in Fig. 15 represent
the artificial poten(b)
cate 1 m intervals.
tial field and the resultant force vectors for the example
Figure 15. (a) Artificial potential field inside the room and (b) and vector magnitudes.
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Dead-reckoning/path integration
if the agent knows its current velocity=heading
E W S direction + speed (and keeps track of time), it can
estimate its change of position by integration

ath integration in mammals and some neurophysiological correlates

cognized that most animals can use self-motion cues to keep track a
cation relative to a ‘home base’128, but it was not until recently that
Sum of yi
rimental evidence for such a path integration process in mammals
4
, and it became clear that the brain can not only calculate a homing
a fixed location in space, but can also maintain a map-like
y3
ation of space using only an initial reference and self-motion
on (for reviews, see REFS 9,12). Making use of the strong motivation
–
rodents to retrieve pups that have been displaced from the nest to a
up some distance away, it was shown that gerbils can search in
darkness and return in a direct line to the original location of the nest,
y2
e nest has been removed (see panel a). With the cup at the centre of
rena, rotating either the entire arena while the animal was on the
ly the cup itself, did not prevent the animal from returning to the
+
tion in the (inertial) laboratory reference frame; however, rotation of
y1
hrough 37 degrees with a slow acceleration profile (0.24 deg s–2),
ly below the animal’s vestibular threshold, resulted in a return
error of the same magnitude. In panel a, S1–3 represent vectors
Initial direction
segments of the outbound journey, and ϕ1–3 are corresponding
ϕ0 = 00
ctions. Variables x1–3 and y1–3 are the cartesian components of the
vectors which, in principle, could be summed to compute the
ector. ‘Starting location’ refers to the beginning of the homing
b
. Insight into the neural basis for angular path integration came from

Starting
location

S3
ϕ3

S2
ϕ2
S1
ϕ1
x1

+

x2 +

x3
Sum of xi

[McNaughton et al., Nature reviews neuroscience
2006]
90

Landmark recognition
landmarks are not necessarily objects…
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empirical evidence that views serve to estimate
ll
ego-position and pose
evidence for
views used
from animal
behavior
and neural
data
[Peer, Epstein, 2021]

Box 1. Historical Conceptions of Cognitive Maps
The concept of a cognitive map dates back to Tolman [2], who presented it as an alternative to behaviorist approaches to
psychology. Tolman suggested that animals form representations of environments that are more than an interlinked series
of associations and whose learning does not depend on immediate reward. The idea that humans and animals have internal
spatial representations is now widely accepted, but there has been less consensus about the nature of 'cognitive maps' –
their degree of accuracy, the inputs required to form them, and how they integrate separately experienced environments.

Maps

In 1978, O’Keefe and Nadel proposed that cognitive maps are Euclidean, and this has become the dominant model for neuroscientists [7]. A precise deﬁnition comes from Langille and Gallistel [178]: 'A map is a set of vectors in a 2- or 3-dimensional
vector space, on which navigation-relevant vector functions are deﬁned.' Under this deﬁnition, the key feature of a map is that it
establishes coordinates for each point in space, thus allowing a navigator to associate non-location information (e.g., terrain
characteristics, visual snapshots, reward values) with any location, and to set a direct course between different locations [1].
O’Keefe and Nadel contrasted the ﬂexibility of the Euclidean 'locale' system with the inﬂexibility of the action-based 'taxon' system, which they postulated mediated a habit-like following of routes.

Glossary
Cognitive graph: a representation of
space in terms of nodes (locations)
connected by links (path segments). A
cognitive graph can be topological
(representing only whether locations are
connected to each other or not), or
labeled (representing local metric
information such as distances and
directions of each link, or the angles that
links form at a node).
Entorhinal cortex (ERC): a brain
region found in both rodents and
humans that serves as a major input/
output structure for the hippocampus.
ERC contains both grid cells and headdirection cells.
Euclidean space: a continuous space
deﬁned by reference axes (usually two or
three). Locations in a Euclidean space
can be speciﬁed by coordinates, and
relationships between locations can be
expressed in terms of distances and
angles.
Grid cells: neurons that represent
space in a distributed manner by ﬁring in
a regular array of locations that tile the
environment in a hexagonal lattice.
Head-direction cells: neurons that ﬁre
as a function of the direction that the
animal is facing, independently of its
location, similar to the behavior of a
compass.
Hexadirectional modulation: a
phenomenon where brain activity is
modulated by the subject’s current
direction of movement, with sixfold
symmetry – that is, ﬁring is maximal for
headings with angular spacing of 60°.
This is believed to be a marker for grid
cells, whose ﬁelds exhibit a similar sixfold
organization.
Local visual scene (or vista space): a
space that can be perceived from a
single point without the need to
navigate. Sometimes contrasted with
environmental spaces, which cannot
be perceived from a single point of

6

when can we say does an animal use a map?
rather than use stimulus-response chaining

However, in parallel to the Euclidean map hypothesis, other suggestions for very different types of cognitive maps were put
forth, some of which have graph-like aspects. Kuipers suggested that, in addition to Euclidean cognitive maps, people store
representations that are based on topological knowledge – connectivity between locations through routes and hierarchical organization of locations into regions [42,43]. Subsequent authors have developed other models of graph-like spatial representations [19,26,36,38,41,45,47,179–182], with additional elements such as a skeleton of major routes on which the graph is
constructed [44], labels at nodes and edges indicating directions and distances [8,9,30], and node-speciﬁc reference frames
[37,39]. It remains debated whether spatial knowledge is Euclidean, graph-based, or a combination of both. In this article
we use the term cognitive map to refer to Euclidean cognitive maps, while referring to graph-like structures as cognitive graphs.

=> when it can take short-cuts

[Peer et al, 2020]

[Poucet, 1993]

Spaces for robotic motion planning
x = f(θ)

kinematic model

inverse kinematic model θ = f −1(x)
564

transform end-effector
to con guration space
through inverse
kinematics

fi

problems of singularities
and multiple “leafs” of
inverse…

7

·
Author'
·x = J(θ)
θ
·
θ = J−1(θ)x·

C. Faubel, G. Schöner
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[Murray, Li, Sastry1994]

Forward kinematics

θ2
θ1
L2

T

L1

(x,y)
S

θ

l2

Figure 3.2: A two degree of freedom manipulator.
2

where is the hand, adjacent frames:
given the joint angles..

x = f(θ)

l1
θ1

gst (θ1 , θ2 ) = gsl1 (θ1 )gl1 l2 (θ2 )gl2 t .

The mapping gst : T2 → SE(3) represents the forward kinematics
manipulator: it gives the end-effector configuration as a function
joint angles.
This procedure is easily extended to any open-chain mechanism
1i ) as the transformation
1
2 between 1the adjacent
2 link f
define gli−1 li (θ
then the overall kinematics are given by

x = l cos(θ ) + l cos(θ + θ )

y = l1 sin(θ1) + l2 sin(θ1 + θ2)
gst (θ) = gsl1 (θ1 )gl1 l2 (θ2 ) · · · gln−1 ln (θn )gln t .
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Workspace / Singularities
θ3
θ2
l2

where the Eigenvalue of the Jacobian
becomes zero (real part)…
so that movement in a particular
direction is not possible…

l3

θ1

l1

(a)

typically at extended postures or
inverted postures

l1

l2 l3

at limits of workspace
(c)

Figure 3.6: Workspace calculation

Redundant kinematics
use pseudo-inverses that minimize a
functional (e.g., total joint velocity or
total momentum)
·x = J(θ)θ·
·
θ = J+(θ)x·

J+(θ) = JT (JJT )−1

·2
minimizes θ

(x,y)

range space
motion

pseudo-inverse
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Human motor control
θ

posture resists when pushed
=> is actively controlled =
stabilized by feedback

force applied

invariant characteristic
one lambda per muscle

antagonist
λ−

co-contraction controls stiffness

agonist

λ

θ
λ+

based on spinal
re exes

10

stretch re ex

fl

fl

[Kandel, Schartz, Jessell, Fig. 37-11]

Timing

generate movements that are “timed”, that is,
they arrive “on time”
the are coordinated across different effectors
the are coordinated with moving objects (e.g., catching)

timing implies some form of anticipation…

9
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Conventional robotic timing

Chapter 9. Trajectory Generation

omial Time Scaling
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ṡ
l constraints
s(T ) = 1 and ṡ(T ) with
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Polynomial Time Scaling
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Third-order Polynomials A convenient form for the time scaling s(t) is a
cubic polynomial of time,

start and end configurations can be specified by Xstart an

s(t) = a0 + a1 t + a2 t2 + a3 t3 .
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0
Park,
(Chapter
9)]the 9.3.
Dec 2019 preprint
of =
updated
first edition of Modern Robotics, 2017. h
and the terminal constraints s(T ) = 1 and ṡ(T ) = 0. Evaluating Equation (9.9)

Relative vs. absolute timing
activation
threshold

DT
T

relative timing
absolute timing

time

relative phase=DT/T

9

Theoretical account for
absolute timing
(neural) oscillator autonomously
generates timing signal, from which
timing events emerge
=> limit cycle oscillators
= clocks

9

9

alled limit cycle attractors. An example of a dynamical sys
Neural
oscillator
ycle attractors of an activation–inhibition pair of variables is
τu̇ ! "u # h u # w uu f (u) " w uv f (v)
τv̇ ! "v # h v # w vu f (u),

quations
first analyzed by
Amari (1977). The first two terms
u (solid), v (dashed)
u (solid), v (dashed)
cribe two linear uncoupled dynamical systems, each
with
[Amari
77]a sta
inhibition, h v . A sigmoi
esting levels of activation, h u , and oftime
time

v

1
,
f (u)v !
1 # exp["βu]

u
makes the system nonlinear
in terms ofu ‘‘self-excitation’’ (w uu )
(b)
(a)
ween activation
and inhibition
variables (w uv , w vu ). For approp

(Engbert et al., 1997; Pressing, 1999; Semjen et al., 2000) deal exp
pling, albeit within the framework of delay or functional dynamica

Coordination from coupling

3.2.

Dynamic Timing Models

9

activation

Coupling is the central
concept for understanding relative timing
coordination=stable
relative
timing models. Mathematically, two dynamic timers, (u 1 , v 1 ) and (u
timing
emerges from coupling
ally coupled if the dynamic variables of one timer contribute
time to the dy
of
neural
oscillators
of the
second
and vice versa. For the Amari oscillator model presen

(6) and (7)], for instance, a simple form of mutual coupling is genera
carrying the coefficient, c, in these equations:
dφ/dt = f(φ)

τu̇ 1 ! "u 1 # h u # w uu f (u 1 ) " w uv f (v 1 )
phase neutrally
stable

φ

phase
stabilized
by coupling

τv̇ 1 ! "v 1 # h v # w vu f (u 1 ) # cf (u 2 )
τu̇ 2 ! "u 2 # h u # w uu f (u 2 ) " w uv f (v 2 )
τv̇ 2 ! "v 2 # h v # w vu f (u 2 ) # cf (u 1 )

These are only two out of a great variety of possible coupling terms. T
[Schöner: Timing, Clocks, and Dynamical Systems. Brain and Cognition 48:31-51 (2002)]
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Basic formulation
Rigid bodies: constraints
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(
y
numbers
of
degrees
of
freedom..
.
onsider a system of n particles which obeys Newton’s r second
law—th
θ

.1

1

1

1

x
Our
interest
is of
nota particle’s
in a set momentum
of independent
particles,
butapplied
rathe
me
rate
of change
is equal
to the
force
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Example:
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consider the two-link planar manipulator shown in
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Note that there are other ways to define the matrix
Open-chain
manipulator
ij (θ, θ̇)θ̇j = Γijk θ̇j θ̇k . However, this particular cho
roperties which we shall later exploit.
(4.21) can now be rewritten as
M (θ)θ̈ + C(θ, θ̇)θ̇ + N (θ, θ̇) = τ

centrifugal/
active
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gravitational
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ther forces which act at the joints. This is a secon
ential equation for the motion of the manipulator as
applied joint torques. The matrices M and C, whic
nertial properties of the manipulator, have some im
hich we shall use in the sequel:
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Robotic control
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Motion control single joint
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·
τ = Mθ + mgr cos(θ) + bθ
feedback PID controller

·
τ = Kpθe + Kdθe + Ki θ(t′)dt′
∫
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Figure 11.12: Block diagram of a PID controller.

[Lunch, Park, 2017]
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generate joint torques that produce a
θd
motion…
matrix C desired
the Coriolis
matrix
for the manipulator; th
s the Coriolis
force terms in the eq
= θ centrifugal
− θd
error θeand

Note that there are other ways to define the matrix
·
Ki particular
θe(t′)dt′
. KHowever,
this
cho
= control
Γijk θ̇j θ̇τk=
pθe + Keθd +
ij (θ, θ̇)θ̇j PID
∫
roperties which we shall later exploit.
=> now
controlling
joints independently
(4.21) can
be rewritten
as
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￼

M (θ)θ̈ + C(θ, θ̇)θ̇ + N (θ, θ̇) = τ
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