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Behavioral dynamics

so far, we had a “symbolic” 
approach to behavioral 
dynamics: the “obstacles” and 
“targets” were objects, that 
have identity, are preserved 
over time…and are 
represented by contributions 
to the behavioral dynamics

Y
tar

Y
obs

robot

target

obstacle

arbitrary, but fixed
reference axis

$Y



requires high-level 
knowledge about 
objects in the world 
(“obstacles”, “targets”, 
etc) and perceptual 
systems that extract 
parameters about 
these.. .

is that necessary? 
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are segmented… in the foreground

=> neural fields to perform this segmentation 
from low-level sensory information: Dynamic 
Field Theory … 

Targets…. 
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obstacles need not be segmented … does not 
matter if obstacles are one or multiple objects… 

avoidance is about free space.. .

Obstacles … 
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“sub-symbolic” approach

use low-level sensory 
information directly, 
without first 
detecting, 
segmenting, and 
estimating objects
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each sensor mounted at fixed angle θ

that points in direction ψ=Φ+θ in the world
erect a repellor at that angle 
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Figure 3. The range of the repulsive forcelet is limited based on sensor range
and on the constraint of passing next to the virtual obstacle without
contact.

Only the known and constant difference, φ − ψ� = −θ� enters
into this equation, so that the calibration of the external refer-
ence frame (the current value of φ itself) does not matter. The
strength of repulsion, λ�, from the virtual obstacle at direction
ψ�, is a decreasing function of the distance, �� sensed at the
sensor �:

λ� = β1 · exp
�
− ��

β2

�
(9)

The constant β1 is the maximum repulsion strength of this contri-
bution and β2 controls its rate of decay with increasing distance.
Thus, when no obstacle is within the range of the distance sen-
sor, the corresponding forcelet inside an attractive region and
the net contribution is zero.
The angular range over which the forcelet exerts its effect is
governed by σ� wich we define as a function:

σ� = arctan
�
tan

�
∆θ
2

�
+ Rrobot

Rrobot + ��

�
� (10)

where ∆θ = 30o is the angular sector at which the sensor is
sensitive, and �� is the sensed distance. The angle subtended
by half the vehicle’s width Rrobot at the sensed distance is added
on each side of the sensor sector to warrant clear passage.
Thus, the angular range over which a forcelet acts decreases
with increasing distance This is illustrated in Figure 3.
The contributions from all seven sensors are summed:

�φ
�� = �obs(φ) =

7�

�=1

�obs��(φ) (11)

In contrast to higher-level implementations where one obstacle
contribution in fact represents exactly one obstacle, we are in-
clined to ask whether extended obstacles that can appear on
more than one sensor in this low-level implementation will lead
to a sensible avoidance behavior: The extended obstacle ”bleeds

Figure 4. On the top: with respect to Figure 6 the robot turned left 5π/12 rad.
From this rotation results three virtual obstacles now at directions ψ2 ,
ψ3 and ψ4 . In this figure φ = 2π/3 rad, ψ2 = π/3 rad, ψ3 = π/2 rad
and ψ4 = 2π/3 rad. Distances are 40, 30 and 40 cm respectively. On
the bottom: three repulsive forcelets are erected at these directions.
The bold line represents the resultant obstacle avoidance dynamics.
attractor is near π/2.

Figure 5. Each sensor i (� = 1� � � � � 7), which is mounted at angle θ� from the
frontal direction, specifies an obstacle at direction ψ� = φ + θ� in
an external reference frame. In the Figure, sensors 5 and 6 specify
virtual obstacles at ψ5 and ψ6 respectively.

over” to other sensors with different distance values �� and an-
gular range coefficients σ� weighting the superposition in Equa-
tion 11 in a non-trivial manner. As a method to test this inquiry
we propose to analyze the superposition of Equation 11 under
rotation of the vehicle on the spot.
Figures 6 and 4 exemplarily illustrate that the summed obsta-
cle contributions depend little on the current orientation of the
vehicle. When the vehicle is oriented as shown in Figure 5, two

Figure 6. In the situation depicted in Figure ?? two virtual obstacles are
detected at directions ψ5 and ψ6 . In that figure φ = π/4 rad,
ψ5 = 5π/12 rad and ψ6 = 7π/12 rad, sensed distances are both
35 cm. Two repulsive forcelets centered at these directions are there-
fore erected (solid thin lines). The solid bold line shows the resultant
obstacle dynamics. The resultant repeller is at π/2 rad.
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Figure 1. A contribution to the dynamics of heading direction expressing the
task constraint “move toward targets” is a force with a zero-crossing
at the specified direction toward the target, ψtar . The negative slope
at the zero-crossing makes this an attractor of the dynamics. The
contribution extends over the entire range of heading direction. Note
the repellor in the direction π + ψtar opposite to ψtar .

reference frame on dead-reckoning:

�Xrobot

�� = � cos(φ) (3)

�Yrobot

�� = � sin(φ) (4)

(5)

(see Steinhage and Schöner, 1997, for a proposal of how to
automatically calibrate such estimates using correlational visual
information within the dynamical systems framework). Here � is
the path velocity (see 2.4) and φ the heading direction, obtained
here from integrating the dynamics on φ.
An attractor is erected at the angle:

ψtar = arctan
� Ytar − Yrobot

Xtar − Xrobot

�
(6)

in which the target lies from the current point of view of the
robot with:

�tar(φ) = −λtar sin(φ − ψtar)� (7)

where λtar is a constant. This attractive forcelet is illustrated in
Figure 1.
As stopping precisely at the target is not the focus of this paper
and velocities are comparatively low, we will be satisfied by
reducing speed to zero when the vicinity of (Xtar� Ytar) is reached.

2.2. Obstacle avoidance
Above, we introduced instantaneous behavioral goals as attrac-
tors of a dynamics. For target-acquiring tasks the target head-
ing itself can be used as the attractor value, obviously. An
obstacle avoiding dynamics can be set-up in likewise fashion,

Figure 2. A contribution to the dynamics of heading direction expressing the
task constraint “avoid moving toward obstacles” is a forcelet with a
zero-crossing at the direction, ψobs�� at which an obstacle has been
detected. Every distance sensor (� = 1� 2� � � � � 7) contributes such a
forcelet centered on the direction in which the sensor points. The
positive slope of force at the zero-crossing makes that direction a re-
pellor. By decreasing this slope with increasing measured distance,
only nearby surfaces repel strongly. The range of the forcelet is lim-
ited based on sensor range and on the constraint of passing without
contact.

where the goal now however becomes an attractive region in-
stead of an isolated point: All states which successfully avoid
the obstacle now are the behavioral goal. Such dynamics are
typically obtained by setting a repeller (an unstable fixed point)
at the angle at which the center of the obstacle has been de-
tected [21]. Additionally these dynamics are augmented by
range-terms which yield higher contributions if obstacles are
closer in distance, if the vehicle is moving towards it and con-
versely let the obstacle’s contribution become zero if it is too far
away or the vehicle is not heading towards it. The net outcome
is that the obstacle yield zero contribution, if it is effectively ir-
relevant to the current behavior and yield higher contributions
if the obstacle becomes critical.
The dynamics is then formally extended with a stochastic term
modeling random noise that occurs in application. This is con-
ceptually necessary to allow the system to move-out of any
unstable fixed point. This term is often omitted in notation.
The vehicle used in this project has seven infra-red sensors
measuring distances mounted on a ring which is centered on
the robot’s rotation axis. Each distance sensor looks into a
fixed direction, θ�, in a reference frame fixed to the robot body.
Thus each distance sensor looks into a direction, ψ� = φ + θ�,
in an external reference frame. Here again, φ is the heading
direction of the vehicle in that external frame as illustrated in
Figure 5.
Our strategy for low-level implementations is now to say that
each sensor � (� = 1� 2� � � � � 7) specifies a virtual obstacle lying
in that direction ψ�. A repulsive forcelet centered at that angle
is erected (see Figure 2) by:

�obs��(φ) = λ�(φ − ψ�) exp
�
− (φ − ψ�)2

2σ 2�

�
� = 1� 2� � � � � 7 (8)
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Note: only Φ-ψ=-θ 
shows up, which is 
constant! 
=> force-let does 
not depend on Φ !
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at the zero-crossing makes this an attractor of the dynamics. The
contribution extends over the entire range of heading direction. Note
the repellor in the direction π + ψtar opposite to ψtar .
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the path velocity (see 2.4) and φ the heading direction, obtained
here from integrating the dynamics on φ.
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robot with:
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where λtar is a constant. This attractive forcelet is illustrated in
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As stopping precisely at the target is not the focus of this paper
and velocities are comparatively low, we will be satisfied by
reducing speed to zero when the vicinity of (Xtar� Ytar) is reached.
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Above, we introduced instantaneous behavioral goals as attrac-
tors of a dynamics. For target-acquiring tasks the target head-
ing itself can be used as the attractor value, obviously. An
obstacle avoiding dynamics can be set-up in likewise fashion,

Figure 2. A contribution to the dynamics of heading direction expressing the
task constraint “avoid moving toward obstacles” is a forcelet with a
zero-crossing at the direction, ψobs�� at which an obstacle has been
detected. Every distance sensor (� = 1� 2� � � � � 7) contributes such a
forcelet centered on the direction in which the sensor points. The
positive slope of force at the zero-crossing makes that direction a re-
pellor. By decreasing this slope with increasing measured distance,
only nearby surfaces repel strongly. The range of the forcelet is lim-
ited based on sensor range and on the constraint of passing without
contact.

where the goal now however becomes an attractive region in-
stead of an isolated point: All states which successfully avoid
the obstacle now are the behavioral goal. Such dynamics are
typically obtained by setting a repeller (an unstable fixed point)
at the angle at which the center of the obstacle has been de-
tected [21]. Additionally these dynamics are augmented by
range-terms which yield higher contributions if obstacles are
closer in distance, if the vehicle is moving towards it and con-
versely let the obstacle’s contribution become zero if it is too far
away or the vehicle is not heading towards it. The net outcome
is that the obstacle yield zero contribution, if it is effectively ir-
relevant to the current behavior and yield higher contributions
if the obstacle becomes critical.
The dynamics is then formally extended with a stochastic term
modeling random noise that occurs in application. This is con-
ceptually necessary to allow the system to move-out of any
unstable fixed point. This term is often omitted in notation.
The vehicle used in this project has seven infra-red sensors
measuring distances mounted on a ring which is centered on
the robot’s rotation axis. Each distance sensor looks into a
fixed direction, θ�, in a reference frame fixed to the robot body.
Thus each distance sensor looks into a direction, ψ� = φ + θ�,
in an external reference frame. Here again, φ is the heading
direction of the vehicle in that external frame as illustrated in
Figure 5.
Our strategy for low-level implementations is now to say that
each sensor � (� = 1� 2� � � � � 7) specifies a virtual obstacle lying
in that direction ψ�. A repulsive forcelet centered at that angle
is erected (see Figure 2) by:

�obs��(φ) = λ�(φ − ψ�) exp
�
− (φ − ψ�)2

2σ 2�

�
� = 1� 2� � � � � 7 (8)
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contribution extends over the entire range of heading direction. Note
the repellor in the direction π + ψtar opposite to ψtar .
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modeling random noise that occurs in application. This is con-
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unstable fixed point. This term is often omitted in notation.
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measuring distances mounted on a ring which is centered on
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fixed direction, θ�, in a reference frame fixed to the robot body.
Thus each distance sensor looks into a direction, ψ� = φ + θ�,
in an external reference frame. Here again, φ is the heading
direction of the vehicle in that external frame as illustrated in
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Repulsion strength 
decreases with 
distance, d_i
=> only close 
obstacles matter
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Figure 1. A contribution to the dynamics of heading direction expressing the
task constraint “move toward targets” is a force with a zero-crossing
at the specified direction toward the target, ψtar . The negative slope
at the zero-crossing makes this an attractor of the dynamics. The
contribution extends over the entire range of heading direction. Note
the repellor in the direction π + ψtar opposite to ψtar .
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(see Steinhage and Schöner, 1997, for a proposal of how to
automatically calibrate such estimates using correlational visual
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the path velocity (see 2.4) and φ the heading direction, obtained
here from integrating the dynamics on φ.
An attractor is erected at the angle:

ψtar = arctan
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(6)

in which the target lies from the current point of view of the
robot with:

�tar(φ) = −λtar sin(φ − ψtar)� (7)

where λtar is a constant. This attractive forcelet is illustrated in
Figure 1.
As stopping precisely at the target is not the focus of this paper
and velocities are comparatively low, we will be satisfied by
reducing speed to zero when the vicinity of (Xtar� Ytar) is reached.

2.2. Obstacle avoidance
Above, we introduced instantaneous behavioral goals as attrac-
tors of a dynamics. For target-acquiring tasks the target head-
ing itself can be used as the attractor value, obviously. An
obstacle avoiding dynamics can be set-up in likewise fashion,

Figure 2. A contribution to the dynamics of heading direction expressing the
task constraint “avoid moving toward obstacles” is a forcelet with a
zero-crossing at the direction, ψobs�� at which an obstacle has been
detected. Every distance sensor (� = 1� 2� � � � � 7) contributes such a
forcelet centered on the direction in which the sensor points. The
positive slope of force at the zero-crossing makes that direction a re-
pellor. By decreasing this slope with increasing measured distance,
only nearby surfaces repel strongly. The range of the forcelet is lim-
ited based on sensor range and on the constraint of passing without
contact.

where the goal now however becomes an attractive region in-
stead of an isolated point: All states which successfully avoid
the obstacle now are the behavioral goal. Such dynamics are
typically obtained by setting a repeller (an unstable fixed point)
at the angle at which the center of the obstacle has been de-
tected [21]. Additionally these dynamics are augmented by
range-terms which yield higher contributions if obstacles are
closer in distance, if the vehicle is moving towards it and con-
versely let the obstacle’s contribution become zero if it is too far
away or the vehicle is not heading towards it. The net outcome
is that the obstacle yield zero contribution, if it is effectively ir-
relevant to the current behavior and yield higher contributions
if the obstacle becomes critical.
The dynamics is then formally extended with a stochastic term
modeling random noise that occurs in application. This is con-
ceptually necessary to allow the system to move-out of any
unstable fixed point. This term is often omitted in notation.
The vehicle used in this project has seven infra-red sensors
measuring distances mounted on a ring which is centered on
the robot’s rotation axis. Each distance sensor looks into a
fixed direction, θ�, in a reference frame fixed to the robot body.
Thus each distance sensor looks into a direction, ψ� = φ + θ�,
in an external reference frame. Here again, φ is the heading
direction of the vehicle in that external frame as illustrated in
Figure 5.
Our strategy for low-level implementations is now to say that
each sensor � (� = 1� 2� � � � � 7) specifies a virtual obstacle lying
in that direction ψ�. A repulsive forcelet centered at that angle
is erected (see Figure 2) by:

�obs��(φ) = λ�(φ − ψ�) exp
�
− (φ − ψ�)2
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the repellor in the direction π + ψtar opposite to ψtar .
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pellor. By decreasing this slope with increasing measured distance,
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at the angle at which the center of the obstacle has been de-
tected [21]. Additionally these dynamics are augmented by
range-terms which yield higher contributions if obstacles are
closer in distance, if the vehicle is moving towards it and con-
versely let the obstacle’s contribution become zero if it is too far
away or the vehicle is not heading towards it. The net outcome
is that the obstacle yield zero contribution, if it is effectively ir-
relevant to the current behavior and yield higher contributions
if the obstacle becomes critical.
The dynamics is then formally extended with a stochastic term
modeling random noise that occurs in application. This is con-
ceptually necessary to allow the system to move-out of any
unstable fixed point. This term is often omitted in notation.
The vehicle used in this project has seven infra-red sensors
measuring distances mounted on a ring which is centered on
the robot’s rotation axis. Each distance sensor looks into a
fixed direction, θ�, in a reference frame fixed to the robot body.
Thus each distance sensor looks into a direction, ψ� = φ + θ�,
in an external reference frame. Here again, φ is the heading
direction of the vehicle in that external frame as illustrated in
Figure 5.
Our strategy for low-level implementations is now to say that
each sensor � (� = 1� 2� � � � � 7) specifies a virtual obstacle lying
in that direction ψ�. A repulsive forcelet centered at that angle
is erected (see Figure 2) by:
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Figure 3. The range of the repulsive forcelet is limited based on sensor range
and on the constraint of passing next to the virtual obstacle without
contact.

Only the known and constant difference, φ − ψ� = −θ� enters
into this equation, so that the calibration of the external refer-
ence frame (the current value of φ itself) does not matter. The
strength of repulsion, λ�, from the virtual obstacle at direction
ψ�, is a decreasing function of the distance, �� sensed at the
sensor �:

λ� = β1 · exp
�
− ��

β2

�
(9)

The constant β1 is the maximum repulsion strength of this contri-
bution and β2 controls its rate of decay with increasing distance.
Thus, when no obstacle is within the range of the distance sen-
sor, the corresponding forcelet inside an attractive region and
the net contribution is zero.
The angular range over which the forcelet exerts its effect is
governed by σ� wich we define as a function:

σ� = arctan
�
tan

�
∆θ
2

�
+ Rrobot

Rrobot + ��

�
� (10)

where ∆θ = 30o is the angular sector at which the sensor is
sensitive, and �� is the sensed distance. The angle subtended
by half the vehicle’s width Rrobot at the sensed distance is added
on each side of the sensor sector to warrant clear passage.
Thus, the angular range over which a forcelet acts decreases
with increasing distance This is illustrated in Figure 3.
The contributions from all seven sensors are summed:

�φ
�� = �obs(φ) =

7�

�=1

�obs��(φ) (11)

In contrast to higher-level implementations where one obstacle
contribution in fact represents exactly one obstacle, we are in-
clined to ask whether extended obstacles that can appear on
more than one sensor in this low-level implementation will lead
to a sensible avoidance behavior: The extended obstacle ”bleeds

Figure 4. On the top: with respect to Figure 6 the robot turned left 5π/12 rad.
From this rotation results three virtual obstacles now at directions ψ2 ,
ψ3 and ψ4 . In this figure φ = 2π/3 rad, ψ2 = π/3 rad, ψ3 = π/2 rad
and ψ4 = 2π/3 rad. Distances are 40, 30 and 40 cm respectively. On
the bottom: three repulsive forcelets are erected at these directions.
The bold line represents the resultant obstacle avoidance dynamics.
attractor is near π/2.

Figure 5. Each sensor i (� = 1� � � � � 7), which is mounted at angle θ� from the
frontal direction, specifies an obstacle at direction ψ� = φ + θ� in
an external reference frame. In the Figure, sensors 5 and 6 specify
virtual obstacles at ψ5 and ψ6 respectively.

over” to other sensors with different distance values �� and an-
gular range coefficients σ� weighting the superposition in Equa-
tion 11 in a non-trivial manner. As a method to test this inquiry
we propose to analyze the superposition of Equation 11 under
rotation of the vehicle on the spot.
Figures 6 and 4 exemplarily illustrate that the summed obsta-
cle contributions depend little on the current orientation of the
vehicle. When the vehicle is oriented as shown in Figure 5, two

Figure 6. In the situation depicted in Figure ?? two virtual obstacles are
detected at directions ψ5 and ψ6 . In that figure φ = π/4 rad,
ψ5 = 5π/12 rad and ψ6 = 7π/12 rad, sensed distances are both
35 cm. Two repulsive forcelets centered at these directions are there-
fore erected (solid thin lines). The solid bold line shows the resultant
obstacle dynamics. The resultant repeller is at π/2 rad.
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Figure 1. A contribution to the dynamics of heading direction expressing the
task constraint “move toward targets” is a force with a zero-crossing
at the specified direction toward the target, ψtar . The negative slope
at the zero-crossing makes this an attractor of the dynamics. The
contribution extends over the entire range of heading direction. Note
the repellor in the direction π + ψtar opposite to ψtar .

reference frame on dead-reckoning:

�Xrobot

�� = � cos(φ) (3)

�Yrobot

�� = � sin(φ) (4)

(5)

(see Steinhage and Schöner, 1997, for a proposal of how to
automatically calibrate such estimates using correlational visual
information within the dynamical systems framework). Here � is
the path velocity (see 2.4) and φ the heading direction, obtained
here from integrating the dynamics on φ.
An attractor is erected at the angle:

ψtar = arctan
� Ytar − Yrobot

Xtar − Xrobot

�
(6)

in which the target lies from the current point of view of the
robot with:

�tar(φ) = −λtar sin(φ − ψtar)� (7)

where λtar is a constant. This attractive forcelet is illustrated in
Figure 1.
As stopping precisely at the target is not the focus of this paper
and velocities are comparatively low, we will be satisfied by
reducing speed to zero when the vicinity of (Xtar� Ytar) is reached.

2.2. Obstacle avoidance
Above, we introduced instantaneous behavioral goals as attrac-
tors of a dynamics. For target-acquiring tasks the target head-
ing itself can be used as the attractor value, obviously. An
obstacle avoiding dynamics can be set-up in likewise fashion,

Figure 2. A contribution to the dynamics of heading direction expressing the
task constraint “avoid moving toward obstacles” is a forcelet with a
zero-crossing at the direction, ψobs�� at which an obstacle has been
detected. Every distance sensor (� = 1� 2� � � � � 7) contributes such a
forcelet centered on the direction in which the sensor points. The
positive slope of force at the zero-crossing makes that direction a re-
pellor. By decreasing this slope with increasing measured distance,
only nearby surfaces repel strongly. The range of the forcelet is lim-
ited based on sensor range and on the constraint of passing without
contact.

where the goal now however becomes an attractive region in-
stead of an isolated point: All states which successfully avoid
the obstacle now are the behavioral goal. Such dynamics are
typically obtained by setting a repeller (an unstable fixed point)
at the angle at which the center of the obstacle has been de-
tected [21]. Additionally these dynamics are augmented by
range-terms which yield higher contributions if obstacles are
closer in distance, if the vehicle is moving towards it and con-
versely let the obstacle’s contribution become zero if it is too far
away or the vehicle is not heading towards it. The net outcome
is that the obstacle yield zero contribution, if it is effectively ir-
relevant to the current behavior and yield higher contributions
if the obstacle becomes critical.
The dynamics is then formally extended with a stochastic term
modeling random noise that occurs in application. This is con-
ceptually necessary to allow the system to move-out of any
unstable fixed point. This term is often omitted in notation.
The vehicle used in this project has seven infra-red sensors
measuring distances mounted on a ring which is centered on
the robot’s rotation axis. Each distance sensor looks into a
fixed direction, θ�, in a reference frame fixed to the robot body.
Thus each distance sensor looks into a direction, ψ� = φ + θ�,
in an external reference frame. Here again, φ is the heading
direction of the vehicle in that external frame as illustrated in
Figure 5.
Our strategy for low-level implementations is now to say that
each sensor � (� = 1� 2� � � � � 7) specifies a virtual obstacle lying
in that direction ψ�. A repulsive forcelet centered at that angle
is erected (see Figure 2) by:

�obs��(φ) = λ�(φ − ψ�) exp
�
− (φ − ψ�)2

2σ 2�

�
� = 1� 2� � � � � 7 (8)
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Figure 3. The range of the repulsive forcelet is limited based on sensor range
and on the constraint of passing next to the virtual obstacle without
contact.

Only the known and constant difference, φ − ψ� = −θ� enters
into this equation, so that the calibration of the external refer-
ence frame (the current value of φ itself) does not matter. The
strength of repulsion, λ�, from the virtual obstacle at direction
ψ�, is a decreasing function of the distance, �� sensed at the
sensor �:

λ� = β1 · exp
�
− ��

β2

�
(9)

The constant β1 is the maximum repulsion strength of this contri-
bution and β2 controls its rate of decay with increasing distance.
Thus, when no obstacle is within the range of the distance sen-
sor, the corresponding forcelet inside an attractive region and
the net contribution is zero.
The angular range over which the forcelet exerts its effect is
governed by σ� wich we define as a function:

σ� = arctan
�
tan

�
∆θ
2

�
+ Rrobot

Rrobot + ��

�
� (10)

where ∆θ = 30o is the angular sector at which the sensor is
sensitive, and �� is the sensed distance. The angle subtended
by half the vehicle’s width Rrobot at the sensed distance is added
on each side of the sensor sector to warrant clear passage.
Thus, the angular range over which a forcelet acts decreases
with increasing distance This is illustrated in Figure 3.
The contributions from all seven sensors are summed:

�φ
�� = �obs(φ) =

7�

�=1

�obs��(φ) (11)

In contrast to higher-level implementations where one obstacle
contribution in fact represents exactly one obstacle, we are in-
clined to ask whether extended obstacles that can appear on
more than one sensor in this low-level implementation will lead
to a sensible avoidance behavior: The extended obstacle ”bleeds

Figure 4. On the top: with respect to Figure 6 the robot turned left 5π/12 rad.
From this rotation results three virtual obstacles now at directions ψ2 ,
ψ3 and ψ4 . In this figure φ = 2π/3 rad, ψ2 = π/3 rad, ψ3 = π/2 rad
and ψ4 = 2π/3 rad. Distances are 40, 30 and 40 cm respectively. On
the bottom: three repulsive forcelets are erected at these directions.
The bold line represents the resultant obstacle avoidance dynamics.
attractor is near π/2.

Figure 5. Each sensor i (� = 1� � � � � 7), which is mounted at angle θ� from the
frontal direction, specifies an obstacle at direction ψ� = φ + θ� in
an external reference frame. In the Figure, sensors 5 and 6 specify
virtual obstacles at ψ5 and ψ6 respectively.

over” to other sensors with different distance values �� and an-
gular range coefficients σ� weighting the superposition in Equa-
tion 11 in a non-trivial manner. As a method to test this inquiry
we propose to analyze the superposition of Equation 11 under
rotation of the vehicle on the spot.
Figures 6 and 4 exemplarily illustrate that the summed obsta-
cle contributions depend little on the current orientation of the
vehicle. When the vehicle is oriented as shown in Figure 5, two

Figure 6. In the situation depicted in Figure ?? two virtual obstacles are
detected at directions ψ5 and ψ6 . In that figure φ = π/4 rad,
ψ5 = 5π/12 rad and ψ6 = 7π/12 rad, sensed distances are both
35 cm. Two repulsive forcelets centered at these directions are there-
fore erected (solid thin lines). The solid bold line shows the resultant
obstacle dynamics. The resultant repeller is at π/2 rad.
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Figure 3. The range of the repulsive forcelet is limited based on sensor range
and on the constraint of passing next to the virtual obstacle without
contact.

Only the known and constant difference, φ − ψ� = −θ� enters
into this equation, so that the calibration of the external refer-
ence frame (the current value of φ itself) does not matter. The
strength of repulsion, λ�, from the virtual obstacle at direction
ψ�, is a decreasing function of the distance, �� sensed at the
sensor �:

λ� = β1 · exp
�
− ��

β2

�
(9)

The constant β1 is the maximum repulsion strength of this contri-
bution and β2 controls its rate of decay with increasing distance.
Thus, when no obstacle is within the range of the distance sen-
sor, the corresponding forcelet inside an attractive region and
the net contribution is zero.
The angular range over which the forcelet exerts its effect is
governed by σ� wich we define as a function:

σ� = arctan
�
tan

�
∆θ
2

�
+ Rrobot

Rrobot + ��

�
� (10)

where ∆θ = 30o is the angular sector at which the sensor is
sensitive, and �� is the sensed distance. The angle subtended
by half the vehicle’s width Rrobot at the sensed distance is added
on each side of the sensor sector to warrant clear passage.
Thus, the angular range over which a forcelet acts decreases
with increasing distance This is illustrated in Figure 3.
The contributions from all seven sensors are summed:

�φ
�� = �obs(φ) =

7�

�=1

�obs��(φ) (11)

In contrast to higher-level implementations where one obstacle
contribution in fact represents exactly one obstacle, we are in-
clined to ask whether extended obstacles that can appear on
more than one sensor in this low-level implementation will lead
to a sensible avoidance behavior: The extended obstacle ”bleeds

Figure 4. On the top: with respect to Figure 6 the robot turned left 5π/12 rad.
From this rotation results three virtual obstacles now at directions ψ2 ,
ψ3 and ψ4 . In this figure φ = 2π/3 rad, ψ2 = π/3 rad, ψ3 = π/2 rad
and ψ4 = 2π/3 rad. Distances are 40, 30 and 40 cm respectively. On
the bottom: three repulsive forcelets are erected at these directions.
The bold line represents the resultant obstacle avoidance dynamics.
attractor is near π/2.

Figure 5. Each sensor i (� = 1� � � � � 7), which is mounted at angle θ� from the
frontal direction, specifies an obstacle at direction ψ� = φ + θ� in
an external reference frame. In the Figure, sensors 5 and 6 specify
virtual obstacles at ψ5 and ψ6 respectively.

over” to other sensors with different distance values �� and an-
gular range coefficients σ� weighting the superposition in Equa-
tion 11 in a non-trivial manner. As a method to test this inquiry
we propose to analyze the superposition of Equation 11 under
rotation of the vehicle on the spot.
Figures 6 and 4 exemplarily illustrate that the summed obsta-
cle contributions depend little on the current orientation of the
vehicle. When the vehicle is oriented as shown in Figure 5, two

Figure 6. In the situation depicted in Figure ?? two virtual obstacles are
detected at directions ψ5 and ψ6 . In that figure φ = π/4 rad,
ψ5 = 5π/12 rad and ψ6 = 7π/12 rad, sensed distances are both
35 cm. Two repulsive forcelets centered at these directions are there-
fore erected (solid thin lines). The solid bold line shows the resultant
obstacle dynamics. The resultant repeller is at π/2 rad.
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Figure 1. A contribution to the dynamics of heading direction expressing the
task constraint “move toward targets” is a force with a zero-crossing
at the specified direction toward the target, ψtar . The negative slope
at the zero-crossing makes this an attractor of the dynamics. The
contribution extends over the entire range of heading direction. Note
the repellor in the direction π + ψtar opposite to ψtar .

reference frame on dead-reckoning:

�Xrobot

�� = � cos(φ) (3)

�Yrobot

�� = � sin(φ) (4)

(5)

(see Steinhage and Schöner, 1997, for a proposal of how to
automatically calibrate such estimates using correlational visual
information within the dynamical systems framework). Here � is
the path velocity (see 2.4) and φ the heading direction, obtained
here from integrating the dynamics on φ.
An attractor is erected at the angle:

ψtar = arctan
� Ytar − Yrobot

Xtar − Xrobot

�
(6)

in which the target lies from the current point of view of the
robot with:

�tar(φ) = −λtar sin(φ − ψtar)� (7)

where λtar is a constant. This attractive forcelet is illustrated in
Figure 1.
As stopping precisely at the target is not the focus of this paper
and velocities are comparatively low, we will be satisfied by
reducing speed to zero when the vicinity of (Xtar� Ytar) is reached.

2.2. Obstacle avoidance
Above, we introduced instantaneous behavioral goals as attrac-
tors of a dynamics. For target-acquiring tasks the target head-
ing itself can be used as the attractor value, obviously. An
obstacle avoiding dynamics can be set-up in likewise fashion,

Figure 2. A contribution to the dynamics of heading direction expressing the
task constraint “avoid moving toward obstacles” is a forcelet with a
zero-crossing at the direction, ψobs�� at which an obstacle has been
detected. Every distance sensor (� = 1� 2� � � � � 7) contributes such a
forcelet centered on the direction in which the sensor points. The
positive slope of force at the zero-crossing makes that direction a re-
pellor. By decreasing this slope with increasing measured distance,
only nearby surfaces repel strongly. The range of the forcelet is lim-
ited based on sensor range and on the constraint of passing without
contact.

where the goal now however becomes an attractive region in-
stead of an isolated point: All states which successfully avoid
the obstacle now are the behavioral goal. Such dynamics are
typically obtained by setting a repeller (an unstable fixed point)
at the angle at which the center of the obstacle has been de-
tected [21]. Additionally these dynamics are augmented by
range-terms which yield higher contributions if obstacles are
closer in distance, if the vehicle is moving towards it and con-
versely let the obstacle’s contribution become zero if it is too far
away or the vehicle is not heading towards it. The net outcome
is that the obstacle yield zero contribution, if it is effectively ir-
relevant to the current behavior and yield higher contributions
if the obstacle becomes critical.
The dynamics is then formally extended with a stochastic term
modeling random noise that occurs in application. This is con-
ceptually necessary to allow the system to move-out of any
unstable fixed point. This term is often omitted in notation.
The vehicle used in this project has seven infra-red sensors
measuring distances mounted on a ring which is centered on
the robot’s rotation axis. Each distance sensor looks into a
fixed direction, θ�, in a reference frame fixed to the robot body.
Thus each distance sensor looks into a direction, ψ� = φ + θ�,
in an external reference frame. Here again, φ is the heading
direction of the vehicle in that external frame as illustrated in
Figure 5.
Our strategy for low-level implementations is now to say that
each sensor � (� = 1� 2� � � � � 7) specifies a virtual obstacle lying
in that direction ψ�. A repulsive forcelet centered at that angle
is erected (see Figure 2) by:

�obs��(φ) = λ�(φ − ψ�) exp
�
− (φ − ψ�)2

2σ 2�

�
� = 1� 2� � � � � 7 (8)
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Figure 3. The range of the repulsive forcelet is limited based on sensor range
and on the constraint of passing next to the virtual obstacle without
contact.

Only the known and constant difference, φ − ψ� = −θ� enters
into this equation, so that the calibration of the external refer-
ence frame (the current value of φ itself) does not matter. The
strength of repulsion, λ�, from the virtual obstacle at direction
ψ�, is a decreasing function of the distance, �� sensed at the
sensor �:

λ� = β1 · exp
�
− ��

β2

�
(9)

The constant β1 is the maximum repulsion strength of this contri-
bution and β2 controls its rate of decay with increasing distance.
Thus, when no obstacle is within the range of the distance sen-
sor, the corresponding forcelet inside an attractive region and
the net contribution is zero.
The angular range over which the forcelet exerts its effect is
governed by σ� wich we define as a function:

σ� = arctan
�
tan

�
∆θ
2

�
+ Rrobot

Rrobot + ��

�
� (10)

where ∆θ = 30o is the angular sector at which the sensor is
sensitive, and �� is the sensed distance. The angle subtended
by half the vehicle’s width Rrobot at the sensed distance is added
on each side of the sensor sector to warrant clear passage.
Thus, the angular range over which a forcelet acts decreases
with increasing distance This is illustrated in Figure 3.
The contributions from all seven sensors are summed:

�φ
�� = �obs(φ) =

7�

�=1

�obs��(φ) (11)

In contrast to higher-level implementations where one obstacle
contribution in fact represents exactly one obstacle, we are in-
clined to ask whether extended obstacles that can appear on
more than one sensor in this low-level implementation will lead
to a sensible avoidance behavior: The extended obstacle ”bleeds

Figure 4. On the top: with respect to Figure 6 the robot turned left 5π/12 rad.
From this rotation results three virtual obstacles now at directions ψ2 ,
ψ3 and ψ4 . In this figure φ = 2π/3 rad, ψ2 = π/3 rad, ψ3 = π/2 rad
and ψ4 = 2π/3 rad. Distances are 40, 30 and 40 cm respectively. On
the bottom: three repulsive forcelets are erected at these directions.
The bold line represents the resultant obstacle avoidance dynamics.
attractor is near π/2.

Figure 5. Each sensor i (� = 1� � � � � 7), which is mounted at angle θ� from the
frontal direction, specifies an obstacle at direction ψ� = φ + θ� in
an external reference frame. In the Figure, sensors 5 and 6 specify
virtual obstacles at ψ5 and ψ6 respectively.

over” to other sensors with different distance values �� and an-
gular range coefficients σ� weighting the superposition in Equa-
tion 11 in a non-trivial manner. As a method to test this inquiry
we propose to analyze the superposition of Equation 11 under
rotation of the vehicle on the spot.
Figures 6 and 4 exemplarily illustrate that the summed obsta-
cle contributions depend little on the current orientation of the
vehicle. When the vehicle is oriented as shown in Figure 5, two

Figure 6. In the situation depicted in Figure ?? two virtual obstacles are
detected at directions ψ5 and ψ6 . In that figure φ = π/4 rad,
ψ5 = 5π/12 rad and ψ6 = 7π/12 rad, sensed distances are both
35 cm. Two repulsive forcelets centered at these directions are there-
fore erected (solid thin lines). The solid bold line shows the resultant
obstacle dynamics. The resultant repeller is at π/2 rad.
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Figure 3. The range of the repulsive forcelet is limited based on sensor range
and on the constraint of passing next to the virtual obstacle without
contact.

Only the known and constant difference, φ − ψ� = −θ� enters
into this equation, so that the calibration of the external refer-
ence frame (the current value of φ itself) does not matter. The
strength of repulsion, λ�, from the virtual obstacle at direction
ψ�, is a decreasing function of the distance, �� sensed at the
sensor �:

λ� = β1 · exp
�
− ��

β2

�
(9)

The constant β1 is the maximum repulsion strength of this contri-
bution and β2 controls its rate of decay with increasing distance.
Thus, when no obstacle is within the range of the distance sen-
sor, the corresponding forcelet inside an attractive region and
the net contribution is zero.
The angular range over which the forcelet exerts its effect is
governed by σ� wich we define as a function:

σ� = arctan
�
tan

�
∆θ
2

�
+ Rrobot

Rrobot + ��

�
� (10)

where ∆θ = 30o is the angular sector at which the sensor is
sensitive, and �� is the sensed distance. The angle subtended
by half the vehicle’s width Rrobot at the sensed distance is added
on each side of the sensor sector to warrant clear passage.
Thus, the angular range over which a forcelet acts decreases
with increasing distance This is illustrated in Figure 3.
The contributions from all seven sensors are summed:

�φ
�� = �obs(φ) =

7�

�=1

�obs��(φ) (11)

In contrast to higher-level implementations where one obstacle
contribution in fact represents exactly one obstacle, we are in-
clined to ask whether extended obstacles that can appear on
more than one sensor in this low-level implementation will lead
to a sensible avoidance behavior: The extended obstacle ”bleeds

Figure 4. On the top: with respect to Figure 6 the robot turned left 5π/12 rad.
From this rotation results three virtual obstacles now at directions ψ2 ,
ψ3 and ψ4 . In this figure φ = 2π/3 rad, ψ2 = π/3 rad, ψ3 = π/2 rad
and ψ4 = 2π/3 rad. Distances are 40, 30 and 40 cm respectively. On
the bottom: three repulsive forcelets are erected at these directions.
The bold line represents the resultant obstacle avoidance dynamics.
attractor is near π/2.

Figure 5. Each sensor i (� = 1� � � � � 7), which is mounted at angle θ� from the
frontal direction, specifies an obstacle at direction ψ� = φ + θ� in
an external reference frame. In the Figure, sensors 5 and 6 specify
virtual obstacles at ψ5 and ψ6 respectively.

over” to other sensors with different distance values �� and an-
gular range coefficients σ� weighting the superposition in Equa-
tion 11 in a non-trivial manner. As a method to test this inquiry
we propose to analyze the superposition of Equation 11 under
rotation of the vehicle on the spot.
Figures 6 and 4 exemplarily illustrate that the summed obsta-
cle contributions depend little on the current orientation of the
vehicle. When the vehicle is oriented as shown in Figure 5, two

Figure 6. In the situation depicted in Figure ?? two virtual obstacles are
detected at directions ψ5 and ψ6 . In that figure φ = π/4 rad,
ψ5 = 5π/12 rad and ψ6 = 7π/12 rad, sensed distances are both
35 cm. Two repulsive forcelets centered at these directions are there-
fore erected (solid thin lines). The solid bold line shows the resultant
obstacle dynamics. The resultant repeller is at π/2 rad.

5

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

PALADYN Journal of Behavioral Robotics

Figure 3. The range of the repulsive forcelet is limited based on sensor range
and on the constraint of passing next to the virtual obstacle without
contact.

Only the known and constant difference, φ − ψ� = −θ� enters
into this equation, so that the calibration of the external refer-
ence frame (the current value of φ itself) does not matter. The
strength of repulsion, λ�, from the virtual obstacle at direction
ψ�, is a decreasing function of the distance, �� sensed at the
sensor �:

λ� = β1 · exp
�
− ��

β2

�
(9)

The constant β1 is the maximum repulsion strength of this contri-
bution and β2 controls its rate of decay with increasing distance.
Thus, when no obstacle is within the range of the distance sen-
sor, the corresponding forcelet inside an attractive region and
the net contribution is zero.
The angular range over which the forcelet exerts its effect is
governed by σ� wich we define as a function:

σ� = arctan
�
tan

�
∆θ
2

�
+ Rrobot

Rrobot + ��

�
� (10)

where ∆θ = 30o is the angular sector at which the sensor is
sensitive, and �� is the sensed distance. The angle subtended
by half the vehicle’s width Rrobot at the sensed distance is added
on each side of the sensor sector to warrant clear passage.
Thus, the angular range over which a forcelet acts decreases
with increasing distance This is illustrated in Figure 3.
The contributions from all seven sensors are summed:

�φ
�� = �obs(φ) =

7�

�=1

�obs��(φ) (11)

In contrast to higher-level implementations where one obstacle
contribution in fact represents exactly one obstacle, we are in-
clined to ask whether extended obstacles that can appear on
more than one sensor in this low-level implementation will lead
to a sensible avoidance behavior: The extended obstacle ”bleeds

Figure 4. On the top: with respect to Figure 6 the robot turned left 5π/12 rad.
From this rotation results three virtual obstacles now at directions ψ2 ,
ψ3 and ψ4 . In this figure φ = 2π/3 rad, ψ2 = π/3 rad, ψ3 = π/2 rad
and ψ4 = 2π/3 rad. Distances are 40, 30 and 40 cm respectively. On
the bottom: three repulsive forcelets are erected at these directions.
The bold line represents the resultant obstacle avoidance dynamics.
attractor is near π/2.

Figure 5. Each sensor i (� = 1� � � � � 7), which is mounted at angle θ� from the
frontal direction, specifies an obstacle at direction ψ� = φ + θ� in
an external reference frame. In the Figure, sensors 5 and 6 specify
virtual obstacles at ψ5 and ψ6 respectively.

over” to other sensors with different distance values �� and an-
gular range coefficients σ� weighting the superposition in Equa-
tion 11 in a non-trivial manner. As a method to test this inquiry
we propose to analyze the superposition of Equation 11 under
rotation of the vehicle on the spot.
Figures 6 and 4 exemplarily illustrate that the summed obsta-
cle contributions depend little on the current orientation of the
vehicle. When the vehicle is oriented as shown in Figure 5, two

Figure 6. In the situation depicted in Figure ?? two virtual obstacles are
detected at directions ψ5 and ψ6 . In that figure φ = π/4 rad,
ψ5 = 5π/12 rad and ψ6 = 7π/12 rad, sensed distances are both
35 cm. Two repulsive forcelets centered at these directions are there-
fore erected (solid thin lines). The solid bold line shows the resultant
obstacle dynamics. The resultant repeller is at π/2 rad.
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Figure 3. The range of the repulsive forcelet is limited based on sensor range
and on the constraint of passing next to the virtual obstacle without
contact.

Only the known and constant difference, φ − ψ� = −θ� enters
into this equation, so that the calibration of the external refer-
ence frame (the current value of φ itself) does not matter. The
strength of repulsion, λ�, from the virtual obstacle at direction
ψ�, is a decreasing function of the distance, �� sensed at the
sensor �:

λ� = β1 · exp
�
− ��

β2

�
(9)

The constant β1 is the maximum repulsion strength of this contri-
bution and β2 controls its rate of decay with increasing distance.
Thus, when no obstacle is within the range of the distance sen-
sor, the corresponding forcelet inside an attractive region and
the net contribution is zero.
The angular range over which the forcelet exerts its effect is
governed by σ� wich we define as a function:

σ� = arctan
�
tan

�
∆θ
2

�
+ Rrobot

Rrobot + ��

�
� (10)

where ∆θ = 30o is the angular sector at which the sensor is
sensitive, and �� is the sensed distance. The angle subtended
by half the vehicle’s width Rrobot at the sensed distance is added
on each side of the sensor sector to warrant clear passage.
Thus, the angular range over which a forcelet acts decreases
with increasing distance This is illustrated in Figure 3.
The contributions from all seven sensors are summed:

�φ
�� = �obs(φ) =

7�

�=1

�obs��(φ) (11)

In contrast to higher-level implementations where one obstacle
contribution in fact represents exactly one obstacle, we are in-
clined to ask whether extended obstacles that can appear on
more than one sensor in this low-level implementation will lead
to a sensible avoidance behavior: The extended obstacle ”bleeds

Figure 4. On the top: with respect to Figure 6 the robot turned left 5π/12 rad.
From this rotation results three virtual obstacles now at directions ψ2 ,
ψ3 and ψ4 . In this figure φ = 2π/3 rad, ψ2 = π/3 rad, ψ3 = π/2 rad
and ψ4 = 2π/3 rad. Distances are 40, 30 and 40 cm respectively. On
the bottom: three repulsive forcelets are erected at these directions.
The bold line represents the resultant obstacle avoidance dynamics.
attractor is near π/2.

Figure 5. Each sensor i (� = 1� � � � � 7), which is mounted at angle θ� from the
frontal direction, specifies an obstacle at direction ψ� = φ + θ� in
an external reference frame. In the Figure, sensors 5 and 6 specify
virtual obstacles at ψ5 and ψ6 respectively.

over” to other sensors with different distance values �� and an-
gular range coefficients σ� weighting the superposition in Equa-
tion 11 in a non-trivial manner. As a method to test this inquiry
we propose to analyze the superposition of Equation 11 under
rotation of the vehicle on the spot.
Figures 6 and 4 exemplarily illustrate that the summed obsta-
cle contributions depend little on the current orientation of the
vehicle. When the vehicle is oriented as shown in Figure 5, two

Figure 6. In the situation depicted in Figure ?? two virtual obstacles are
detected at directions ψ5 and ψ6 . In that figure φ = π/4 rad,
ψ5 = 5π/12 rad and ψ6 = 7π/12 rad, sensed distances are both
35 cm. Two repulsive forcelets centered at these directions are there-
fore erected (solid thin lines). The solid bold line shows the resultant
obstacle dynamics. The resultant repeller is at π/2 rad.
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Figure 3. The range of the repulsive forcelet is limited based on sensor range
and on the constraint of passing next to the virtual obstacle without
contact.

Only the known and constant difference, φ − ψ� = −θ� enters
into this equation, so that the calibration of the external refer-
ence frame (the current value of φ itself) does not matter. The
strength of repulsion, λ�, from the virtual obstacle at direction
ψ�, is a decreasing function of the distance, �� sensed at the
sensor �:

λ� = β1 · exp
�
− ��

β2

�
(9)

The constant β1 is the maximum repulsion strength of this contri-
bution and β2 controls its rate of decay with increasing distance.
Thus, when no obstacle is within the range of the distance sen-
sor, the corresponding forcelet inside an attractive region and
the net contribution is zero.
The angular range over which the forcelet exerts its effect is
governed by σ� wich we define as a function:

σ� = arctan
�
tan

�
∆θ
2

�
+ Rrobot

Rrobot + ��

�
� (10)

where ∆θ = 30o is the angular sector at which the sensor is
sensitive, and �� is the sensed distance. The angle subtended
by half the vehicle’s width Rrobot at the sensed distance is added
on each side of the sensor sector to warrant clear passage.
Thus, the angular range over which a forcelet acts decreases
with increasing distance This is illustrated in Figure 3.
The contributions from all seven sensors are summed:

�φ
�� = �obs(φ) =

7�

�=1

�obs��(φ) (11)

In contrast to higher-level implementations where one obstacle
contribution in fact represents exactly one obstacle, we are in-
clined to ask whether extended obstacles that can appear on
more than one sensor in this low-level implementation will lead
to a sensible avoidance behavior: The extended obstacle ”bleeds

Figure 4. On the top: with respect to Figure 6 the robot turned left 5π/12 rad.
From this rotation results three virtual obstacles now at directions ψ2 ,
ψ3 and ψ4 . In this figure φ = 2π/3 rad, ψ2 = π/3 rad, ψ3 = π/2 rad
and ψ4 = 2π/3 rad. Distances are 40, 30 and 40 cm respectively. On
the bottom: three repulsive forcelets are erected at these directions.
The bold line represents the resultant obstacle avoidance dynamics.
attractor is near π/2.

Figure 5. Each sensor i (� = 1� � � � � 7), which is mounted at angle θ� from the
frontal direction, specifies an obstacle at direction ψ� = φ + θ� in
an external reference frame. In the Figure, sensors 5 and 6 specify
virtual obstacles at ψ5 and ψ6 respectively.

over” to other sensors with different distance values �� and an-
gular range coefficients σ� weighting the superposition in Equa-
tion 11 in a non-trivial manner. As a method to test this inquiry
we propose to analyze the superposition of Equation 11 under
rotation of the vehicle on the spot.
Figures 6 and 4 exemplarily illustrate that the summed obsta-
cle contributions depend little on the current orientation of the
vehicle. When the vehicle is oriented as shown in Figure 5, two

Figure 6. In the situation depicted in Figure ?? two virtual obstacles are
detected at directions ψ5 and ψ6 . In that figure φ = π/4 rad,
ψ5 = 5π/12 rad and ψ6 = 7π/12 rad, sensed distances are both
35 cm. Two repulsive forcelets centered at these directions are there-
fore erected (solid thin lines). The solid bold line shows the resultant
obstacle dynamics. The resultant repeller is at π/2 rad.
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Figure 3. The range of the repulsive forcelet is limited based on sensor range
and on the constraint of passing next to the virtual obstacle without
contact.

Only the known and constant difference, φ − ψ� = −θ� enters
into this equation, so that the calibration of the external refer-
ence frame (the current value of φ itself) does not matter. The
strength of repulsion, λ�, from the virtual obstacle at direction
ψ�, is a decreasing function of the distance, �� sensed at the
sensor �:

λ� = β1 · exp
�
− ��

β2

�
(9)

The constant β1 is the maximum repulsion strength of this contri-
bution and β2 controls its rate of decay with increasing distance.
Thus, when no obstacle is within the range of the distance sen-
sor, the corresponding forcelet inside an attractive region and
the net contribution is zero.
The angular range over which the forcelet exerts its effect is
governed by σ� wich we define as a function:

σ� = arctan
�
tan

�
∆θ
2

�
+ Rrobot

Rrobot + ��

�
� (10)

where ∆θ = 30o is the angular sector at which the sensor is
sensitive, and �� is the sensed distance. The angle subtended
by half the vehicle’s width Rrobot at the sensed distance is added
on each side of the sensor sector to warrant clear passage.
Thus, the angular range over which a forcelet acts decreases
with increasing distance This is illustrated in Figure 3.
The contributions from all seven sensors are summed:

�φ
�� = �obs(φ) =

7�

�=1

�obs��(φ) (11)

In contrast to higher-level implementations where one obstacle
contribution in fact represents exactly one obstacle, we are in-
clined to ask whether extended obstacles that can appear on
more than one sensor in this low-level implementation will lead
to a sensible avoidance behavior: The extended obstacle ”bleeds

Figure 4. On the top: with respect to Figure 6 the robot turned left 5π/12 rad.
From this rotation results three virtual obstacles now at directions ψ2 ,
ψ3 and ψ4 . In this figure φ = 2π/3 rad, ψ2 = π/3 rad, ψ3 = π/2 rad
and ψ4 = 2π/3 rad. Distances are 40, 30 and 40 cm respectively. On
the bottom: three repulsive forcelets are erected at these directions.
The bold line represents the resultant obstacle avoidance dynamics.
attractor is near π/2.

Figure 5. Each sensor i (� = 1� � � � � 7), which is mounted at angle θ� from the
frontal direction, specifies an obstacle at direction ψ� = φ + θ� in
an external reference frame. In the Figure, sensors 5 and 6 specify
virtual obstacles at ψ5 and ψ6 respectively.

over” to other sensors with different distance values �� and an-
gular range coefficients σ� weighting the superposition in Equa-
tion 11 in a non-trivial manner. As a method to test this inquiry
we propose to analyze the superposition of Equation 11 under
rotation of the vehicle on the spot.
Figures 6 and 4 exemplarily illustrate that the summed obsta-
cle contributions depend little on the current orientation of the
vehicle. When the vehicle is oriented as shown in Figure 5, two

Figure 6. In the situation depicted in Figure ?? two virtual obstacles are
detected at directions ψ5 and ψ6 . In that figure φ = π/4 rad,
ψ5 = 5π/12 rad and ψ6 = 7π/12 rad, sensed distances are both
35 cm. Two repulsive forcelets centered at these directions are there-
fore erected (solid thin lines). The solid bold line shows the resultant
obstacle dynamics. The resultant repeller is at π/2 rad.
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Figure 3. The range of the repulsive forcelet is limited based on sensor range
and on the constraint of passing next to the virtual obstacle without
contact.

Only the known and constant difference, φ − ψ� = −θ� enters
into this equation, so that the calibration of the external refer-
ence frame (the current value of φ itself) does not matter. The
strength of repulsion, λ�, from the virtual obstacle at direction
ψ�, is a decreasing function of the distance, �� sensed at the
sensor �:

λ� = β1 · exp
�
− ��

β2

�
(9)

The constant β1 is the maximum repulsion strength of this contri-
bution and β2 controls its rate of decay with increasing distance.
Thus, when no obstacle is within the range of the distance sen-
sor, the corresponding forcelet inside an attractive region and
the net contribution is zero.
The angular range over which the forcelet exerts its effect is
governed by σ� wich we define as a function:

σ� = arctan
�
tan

�
∆θ
2

�
+ Rrobot

Rrobot + ��

�
� (10)

where ∆θ = 30o is the angular sector at which the sensor is
sensitive, and �� is the sensed distance. The angle subtended
by half the vehicle’s width Rrobot at the sensed distance is added
on each side of the sensor sector to warrant clear passage.
Thus, the angular range over which a forcelet acts decreases
with increasing distance This is illustrated in Figure 3.
The contributions from all seven sensors are summed:

�φ
�� = �obs(φ) =

7�

�=1

�obs��(φ) (11)

In contrast to higher-level implementations where one obstacle
contribution in fact represents exactly one obstacle, we are in-
clined to ask whether extended obstacles that can appear on
more than one sensor in this low-level implementation will lead
to a sensible avoidance behavior: The extended obstacle ”bleeds

Figure 4. On the top: with respect to Figure 6 the robot turned left 5π/12 rad.
From this rotation results three virtual obstacles now at directions ψ2 ,
ψ3 and ψ4 . In this figure φ = 2π/3 rad, ψ2 = π/3 rad, ψ3 = π/2 rad
and ψ4 = 2π/3 rad. Distances are 40, 30 and 40 cm respectively. On
the bottom: three repulsive forcelets are erected at these directions.
The bold line represents the resultant obstacle avoidance dynamics.
attractor is near π/2.

Figure 5. Each sensor i (� = 1� � � � � 7), which is mounted at angle θ� from the
frontal direction, specifies an obstacle at direction ψ� = φ + θ� in
an external reference frame. In the Figure, sensors 5 and 6 specify
virtual obstacles at ψ5 and ψ6 respectively.

over” to other sensors with different distance values �� and an-
gular range coefficients σ� weighting the superposition in Equa-
tion 11 in a non-trivial manner. As a method to test this inquiry
we propose to analyze the superposition of Equation 11 under
rotation of the vehicle on the spot.
Figures 6 and 4 exemplarily illustrate that the summed obsta-
cle contributions depend little on the current orientation of the
vehicle. When the vehicle is oriented as shown in Figure 5, two

Figure 6. In the situation depicted in Figure ?? two virtual obstacles are
detected at directions ψ5 and ψ6 . In that figure φ = π/4 rad,
ψ5 = 5π/12 rad and ψ6 = 7π/12 rad, sensed distances are both
35 cm. Two repulsive forcelets centered at these directions are there-
fore erected (solid thin lines). The solid bold line shows the resultant
obstacle dynamics. The resultant repeller is at π/2 rad.
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Figure 3. The range of the repulsive forcelet is limited based on sensor range
and on the constraint of passing next to the virtual obstacle without
contact.

Only the known and constant difference, φ − ψ� = −θ� enters
into this equation, so that the calibration of the external refer-
ence frame (the current value of φ itself) does not matter. The
strength of repulsion, λ�, from the virtual obstacle at direction
ψ�, is a decreasing function of the distance, �� sensed at the
sensor �:

λ� = β1 · exp
�
− ��

β2

�
(9)

The constant β1 is the maximum repulsion strength of this contri-
bution and β2 controls its rate of decay with increasing distance.
Thus, when no obstacle is within the range of the distance sen-
sor, the corresponding forcelet inside an attractive region and
the net contribution is zero.
The angular range over which the forcelet exerts its effect is
governed by σ� wich we define as a function:

σ� = arctan
�
tan

�
∆θ
2

�
+ Rrobot

Rrobot + ��

�
� (10)

where ∆θ = 30o is the angular sector at which the sensor is
sensitive, and �� is the sensed distance. The angle subtended
by half the vehicle’s width Rrobot at the sensed distance is added
on each side of the sensor sector to warrant clear passage.
Thus, the angular range over which a forcelet acts decreases
with increasing distance This is illustrated in Figure 3.
The contributions from all seven sensors are summed:

�φ
�� = �obs(φ) =

7�

�=1

�obs��(φ) (11)

In contrast to higher-level implementations where one obstacle
contribution in fact represents exactly one obstacle, we are in-
clined to ask whether extended obstacles that can appear on
more than one sensor in this low-level implementation will lead
to a sensible avoidance behavior: The extended obstacle ”bleeds

Figure 4. On the top: with respect to Figure 6 the robot turned left 5π/12 rad.
From this rotation results three virtual obstacles now at directions ψ2 ,
ψ3 and ψ4 . In this figure φ = 2π/3 rad, ψ2 = π/3 rad, ψ3 = π/2 rad
and ψ4 = 2π/3 rad. Distances are 40, 30 and 40 cm respectively. On
the bottom: three repulsive forcelets are erected at these directions.
The bold line represents the resultant obstacle avoidance dynamics.
attractor is near π/2.

Figure 5. Each sensor i (� = 1� � � � � 7), which is mounted at angle θ� from the
frontal direction, specifies an obstacle at direction ψ� = φ + θ� in
an external reference frame. In the Figure, sensors 5 and 6 specify
virtual obstacles at ψ5 and ψ6 respectively.

over” to other sensors with different distance values �� and an-
gular range coefficients σ� weighting the superposition in Equa-
tion 11 in a non-trivial manner. As a method to test this inquiry
we propose to analyze the superposition of Equation 11 under
rotation of the vehicle on the spot.
Figures 6 and 4 exemplarily illustrate that the summed obsta-
cle contributions depend little on the current orientation of the
vehicle. When the vehicle is oriented as shown in Figure 5, two

Figure 6. In the situation depicted in Figure ?? two virtual obstacles are
detected at directions ψ5 and ψ6 . In that figure φ = π/4 rad,
ψ5 = 5π/12 rad and ψ6 = 7π/12 rad, sensed distances are both
35 cm. Two repulsive forcelets centered at these directions are there-
fore erected (solid thin lines). The solid bold line shows the resultant
obstacle dynamics. The resultant repeller is at π/2 rad.
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Figure 3. The range of the repulsive forcelet is limited based on sensor range
and on the constraint of passing next to the virtual obstacle without
contact.

Only the known and constant difference, φ − ψ� = −θ� enters
into this equation, so that the calibration of the external refer-
ence frame (the current value of φ itself) does not matter. The
strength of repulsion, λ�, from the virtual obstacle at direction
ψ�, is a decreasing function of the distance, �� sensed at the
sensor �:

λ� = β1 · exp
�
− ��

β2

�
(9)

The constant β1 is the maximum repulsion strength of this contri-
bution and β2 controls its rate of decay with increasing distance.
Thus, when no obstacle is within the range of the distance sen-
sor, the corresponding forcelet inside an attractive region and
the net contribution is zero.
The angular range over which the forcelet exerts its effect is
governed by σ� wich we define as a function:

σ� = arctan
�
tan

�
∆θ
2

�
+ Rrobot

Rrobot + ��

�
� (10)

where ∆θ = 30o is the angular sector at which the sensor is
sensitive, and �� is the sensed distance. The angle subtended
by half the vehicle’s width Rrobot at the sensed distance is added
on each side of the sensor sector to warrant clear passage.
Thus, the angular range over which a forcelet acts decreases
with increasing distance This is illustrated in Figure 3.
The contributions from all seven sensors are summed:

�φ
�� = �obs(φ) =

7�

�=1

�obs��(φ) (11)

In contrast to higher-level implementations where one obstacle
contribution in fact represents exactly one obstacle, we are in-
clined to ask whether extended obstacles that can appear on
more than one sensor in this low-level implementation will lead
to a sensible avoidance behavior: The extended obstacle ”bleeds

Figure 4. On the top: with respect to Figure 6 the robot turned left 5π/12 rad.
From this rotation results three virtual obstacles now at directions ψ2 ,
ψ3 and ψ4 . In this figure φ = 2π/3 rad, ψ2 = π/3 rad, ψ3 = π/2 rad
and ψ4 = 2π/3 rad. Distances are 40, 30 and 40 cm respectively. On
the bottom: three repulsive forcelets are erected at these directions.
The bold line represents the resultant obstacle avoidance dynamics.
attractor is near π/2.

Figure 5. Each sensor i (� = 1� � � � � 7), which is mounted at angle θ� from the
frontal direction, specifies an obstacle at direction ψ� = φ + θ� in
an external reference frame. In the Figure, sensors 5 and 6 specify
virtual obstacles at ψ5 and ψ6 respectively.

over” to other sensors with different distance values �� and an-
gular range coefficients σ� weighting the superposition in Equa-
tion 11 in a non-trivial manner. As a method to test this inquiry
we propose to analyze the superposition of Equation 11 under
rotation of the vehicle on the spot.
Figures 6 and 4 exemplarily illustrate that the summed obsta-
cle contributions depend little on the current orientation of the
vehicle. When the vehicle is oriented as shown in Figure 5, two

Figure 6. In the situation depicted in Figure ?? two virtual obstacles are
detected at directions ψ5 and ψ6 . In that figure φ = π/4 rad,
ψ5 = 5π/12 rad and ψ6 = 7π/12 rad, sensed distances are both
35 cm. Two repulsive forcelets centered at these directions are there-
fore erected (solid thin lines). The solid bold line shows the resultant
obstacle dynamics. The resultant repeller is at π/2 rad.
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Figure 3. The range of the repulsive forcelet is limited based on sensor range
and on the constraint of passing next to the virtual obstacle without
contact.

Only the known and constant difference, φ − ψ� = −θ� enters
into this equation, so that the calibration of the external refer-
ence frame (the current value of φ itself) does not matter. The
strength of repulsion, λ�, from the virtual obstacle at direction
ψ�, is a decreasing function of the distance, �� sensed at the
sensor �:

λ� = β1 · exp
�
− ��

β2

�
(9)

The constant β1 is the maximum repulsion strength of this contri-
bution and β2 controls its rate of decay with increasing distance.
Thus, when no obstacle is within the range of the distance sen-
sor, the corresponding forcelet inside an attractive region and
the net contribution is zero.
The angular range over which the forcelet exerts its effect is
governed by σ� wich we define as a function:

σ� = arctan
�
tan

�
∆θ
2

�
+ Rrobot

Rrobot + ��

�
� (10)

where ∆θ = 30o is the angular sector at which the sensor is
sensitive, and �� is the sensed distance. The angle subtended
by half the vehicle’s width Rrobot at the sensed distance is added
on each side of the sensor sector to warrant clear passage.
Thus, the angular range over which a forcelet acts decreases
with increasing distance This is illustrated in Figure 3.
The contributions from all seven sensors are summed:

�φ
�� = �obs(φ) =

7�

�=1

�obs��(φ) (11)

In contrast to higher-level implementations where one obstacle
contribution in fact represents exactly one obstacle, we are in-
clined to ask whether extended obstacles that can appear on
more than one sensor in this low-level implementation will lead
to a sensible avoidance behavior: The extended obstacle ”bleeds

Figure 4. On the top: with respect to Figure 6 the robot turned left 5π/12 rad.
From this rotation results three virtual obstacles now at directions ψ2 ,
ψ3 and ψ4 . In this figure φ = 2π/3 rad, ψ2 = π/3 rad, ψ3 = π/2 rad
and ψ4 = 2π/3 rad. Distances are 40, 30 and 40 cm respectively. On
the bottom: three repulsive forcelets are erected at these directions.
The bold line represents the resultant obstacle avoidance dynamics.
attractor is near π/2.

Figure 5. Each sensor i (� = 1� � � � � 7), which is mounted at angle θ� from the
frontal direction, specifies an obstacle at direction ψ� = φ + θ� in
an external reference frame. In the Figure, sensors 5 and 6 specify
virtual obstacles at ψ5 and ψ6 respectively.

over” to other sensors with different distance values �� and an-
gular range coefficients σ� weighting the superposition in Equa-
tion 11 in a non-trivial manner. As a method to test this inquiry
we propose to analyze the superposition of Equation 11 under
rotation of the vehicle on the spot.
Figures 6 and 4 exemplarily illustrate that the summed obsta-
cle contributions depend little on the current orientation of the
vehicle. When the vehicle is oriented as shown in Figure 5, two

Figure 6. In the situation depicted in Figure ?? two virtual obstacles are
detected at directions ψ5 and ψ6 . In that figure φ = π/4 rad,
ψ5 = 5π/12 rad and ψ6 = 7π/12 rad, sensed distances are both
35 cm. Two repulsive forcelets centered at these directions are there-
fore erected (solid thin lines). The solid bold line shows the resultant
obstacle dynamics. The resultant repeller is at π/2 rad.
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Figure 3. The range of the repulsive forcelet is limited based on sensor range
and on the constraint of passing next to the virtual obstacle without
contact.

Only the known and constant difference, φ − ψ� = −θ� enters
into this equation, so that the calibration of the external refer-
ence frame (the current value of φ itself) does not matter. The
strength of repulsion, λ�, from the virtual obstacle at direction
ψ�, is a decreasing function of the distance, �� sensed at the
sensor �:

λ� = β1 · exp
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β2
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(9)

The constant β1 is the maximum repulsion strength of this contri-
bution and β2 controls its rate of decay with increasing distance.
Thus, when no obstacle is within the range of the distance sen-
sor, the corresponding forcelet inside an attractive region and
the net contribution is zero.
The angular range over which the forcelet exerts its effect is
governed by σ� wich we define as a function:

σ� = arctan
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tan
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+ Rrobot
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where ∆θ = 30o is the angular sector at which the sensor is
sensitive, and �� is the sensed distance. The angle subtended
by half the vehicle’s width Rrobot at the sensed distance is added
on each side of the sensor sector to warrant clear passage.
Thus, the angular range over which a forcelet acts decreases
with increasing distance This is illustrated in Figure 3.
The contributions from all seven sensors are summed:

�φ
�� = �obs(φ) =
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�=1

�obs��(φ) (11)

In contrast to higher-level implementations where one obstacle
contribution in fact represents exactly one obstacle, we are in-
clined to ask whether extended obstacles that can appear on
more than one sensor in this low-level implementation will lead
to a sensible avoidance behavior: The extended obstacle ”bleeds

Figure 4. On the top: with respect to Figure 6 the robot turned left 5π/12 rad.
From this rotation results three virtual obstacles now at directions ψ2 ,
ψ3 and ψ4 . In this figure φ = 2π/3 rad, ψ2 = π/3 rad, ψ3 = π/2 rad
and ψ4 = 2π/3 rad. Distances are 40, 30 and 40 cm respectively. On
the bottom: three repulsive forcelets are erected at these directions.
The bold line represents the resultant obstacle avoidance dynamics.
attractor is near π/2.

Figure 5. Each sensor i (� = 1� � � � � 7), which is mounted at angle θ� from the
frontal direction, specifies an obstacle at direction ψ� = φ + θ� in
an external reference frame. In the Figure, sensors 5 and 6 specify
virtual obstacles at ψ5 and ψ6 respectively.

over” to other sensors with different distance values �� and an-
gular range coefficients σ� weighting the superposition in Equa-
tion 11 in a non-trivial manner. As a method to test this inquiry
we propose to analyze the superposition of Equation 11 under
rotation of the vehicle on the spot.
Figures 6 and 4 exemplarily illustrate that the summed obsta-
cle contributions depend little on the current orientation of the
vehicle. When the vehicle is oriented as shown in Figure 5, two

Figure 6. In the situation depicted in Figure ?? two virtual obstacles are
detected at directions ψ5 and ψ6 . In that figure φ = π/4 rad,
ψ5 = 5π/12 rad and ψ6 = 7π/12 rad, sensed distances are both
35 cm. Two repulsive forcelets centered at these directions are there-
fore erected (solid thin lines). The solid bold line shows the resultant
obstacle dynamics. The resultant repeller is at π/2 rad.
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Figure 3. The range of the repulsive forcelet is limited based on sensor range
and on the constraint of passing next to the virtual obstacle without
contact.

Only the known and constant difference, φ − ψ� = −θ� enters
into this equation, so that the calibration of the external refer-
ence frame (the current value of φ itself) does not matter. The
strength of repulsion, λ�, from the virtual obstacle at direction
ψ�, is a decreasing function of the distance, �� sensed at the
sensor �:

λ� = β1 · exp
�
− ��

β2

�
(9)

The constant β1 is the maximum repulsion strength of this contri-
bution and β2 controls its rate of decay with increasing distance.
Thus, when no obstacle is within the range of the distance sen-
sor, the corresponding forcelet inside an attractive region and
the net contribution is zero.
The angular range over which the forcelet exerts its effect is
governed by σ� wich we define as a function:

σ� = arctan
�
tan

�
∆θ
2

�
+ Rrobot

Rrobot + ��
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� (10)

where ∆θ = 30o is the angular sector at which the sensor is
sensitive, and �� is the sensed distance. The angle subtended
by half the vehicle’s width Rrobot at the sensed distance is added
on each side of the sensor sector to warrant clear passage.
Thus, the angular range over which a forcelet acts decreases
with increasing distance This is illustrated in Figure 3.
The contributions from all seven sensors are summed:

�φ
�� = �obs(φ) =

7�

�=1

�obs��(φ) (11)

In contrast to higher-level implementations where one obstacle
contribution in fact represents exactly one obstacle, we are in-
clined to ask whether extended obstacles that can appear on
more than one sensor in this low-level implementation will lead
to a sensible avoidance behavior: The extended obstacle ”bleeds

Figure 4. On the top: with respect to Figure 6 the robot turned left 5π/12 rad.
From this rotation results three virtual obstacles now at directions ψ2 ,
ψ3 and ψ4 . In this figure φ = 2π/3 rad, ψ2 = π/3 rad, ψ3 = π/2 rad
and ψ4 = 2π/3 rad. Distances are 40, 30 and 40 cm respectively. On
the bottom: three repulsive forcelets are erected at these directions.
The bold line represents the resultant obstacle avoidance dynamics.
attractor is near π/2.

Figure 5. Each sensor i (� = 1� � � � � 7), which is mounted at angle θ� from the
frontal direction, specifies an obstacle at direction ψ� = φ + θ� in
an external reference frame. In the Figure, sensors 5 and 6 specify
virtual obstacles at ψ5 and ψ6 respectively.

over” to other sensors with different distance values �� and an-
gular range coefficients σ� weighting the superposition in Equa-
tion 11 in a non-trivial manner. As a method to test this inquiry
we propose to analyze the superposition of Equation 11 under
rotation of the vehicle on the spot.
Figures 6 and 4 exemplarily illustrate that the summed obsta-
cle contributions depend little on the current orientation of the
vehicle. When the vehicle is oriented as shown in Figure 5, two

Figure 6. In the situation depicted in Figure ?? two virtual obstacles are
detected at directions ψ5 and ψ6 . In that figure φ = π/4 rad,
ψ5 = 5π/12 rad and ψ6 = 7π/12 rad, sensed distances are both
35 cm. Two repulsive forcelets centered at these directions are there-
fore erected (solid thin lines). The solid bold line shows the resultant
obstacle dynamics. The resultant repeller is at π/2 rad.
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Figure 7. Constraints for the dynamics of heading direction, φ, are the di-
rections, ψ��� and ψ��� , in which obstacles and target lie from the
current position of the robot. All directions are represented rela-
tive to an external reference frame illustrated here by the �−axis.
That reference frame drops out of the dynamics, however, so that its
calibration is irrelevant.

Figure 8. An attractive forcelet (top) represents the constraint “head toward
target” by setting an attractor (zero of φ̇ with negative slope) at the
direction, ψ��� in which the target lies. A repulsive forcelet (middle)
represents the constraint “avoid moving toward obstacle” by setting
a repellor (zero of φ̇ with positive slope) at the direction, ψ��� , in
which the obstacle lies. The superposition of these forces (bottom)
leads to a dynamics of heading direction with a resultant attractor
close to the desired direction, ψ��� . The repellor at the direction,
ψ��� , persists. The time scale of the dynamics must be chosen such
that the system is at all times in or close to the resultant attractor.

Figure 9. On the top: distance between obstacles is not sufficient for the robot
to pass through them, and the target lies in the direction pointing
in between the two obstacles thus defying the obstacle avoidance
behavior. On the bottom: obstacle and target contributions for the
dynamics are represented by solid thin line and traced line respec-
tively. The resulting dynamics is the solid bold line.

obstacles is not sufficient for the robot to pass between them,
but the target lies behind the opening. The obstacle avoidance
contribution to the dynamics (solid thin line) generates a repel-
lor at the direction between the two obstacles, while the target
contribution (dashed line) erects an attractor at that direction.
The resultant dynamics (solid bold line) has a repellor at that
same direction because the obstacle contributions dominate.

2.4. Remaining in the emergent attractor by
controlling the velocity

As the robot moves, sensory information changes and thus at-
tractors and repellors shift. The same happens if obstacles move
in the world. These shifts are local, but can be fast. To keep
the system near the emergent attractor at all times, the rate of
such shifts must be limited so as to enable the system to track
the attractor as it shifts. One way this can be accomplished is
by controlling the path velocity, � , of the vehicle, which con-
trols the rate at which fixed points shift in the dynamics given
a stationary environment. That moving obstacles can only be
avoided when their velocity is below a critical limit is natural
and true for all approaches.
To analyze the rate at which attractors and repellors shift when
the vehicle moves in a stationary environment, consider the case
in which the vehicle moves with constant velocity and heading
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sensors respond to the obstacle. The sum of their contributions
leads to a single repellor that covers the entire angular range
subtended by the obstacle (see Figure 6). Figure 4 shows how
at a different orientation of the vehicle three sensors detect the
same obstacle. While the individual repulsive forcelets indeed
differ, their sum is, however, largely invariant and continues to
erect a repellor at approximately the same direction.
This signifies that the low-level implementation developed in
this paper can be understood as an approximation of the
high-level implementations where one obstacle is assigned one
forcelet. It is limited by the sampling error introduced by having
finite, dispersed sensors.
Experimental validation will be addressed below.

2.3. Arbitration between tasks
We will now extend the discussion to a system of multiple tasks
and develop how the concepts presented above lead to behavior
that can directly be interpreted as decision-making.
Steering towards a target and avoiding obstructions are two
distinctly different behaviors. A flexible system will not only
have to compromise between these two but also need to handle
more cluttered scenarios and find a trade-off between far away
obstacles that reside directly in the robot’s path and much closer
obstacles that are not directly ahead of it.
The consolidation of multiple tasks is obtained by addition of
their dynamics ��:

�total(φ) =
�

�
��(φ) (12)

We will refer to �total as the overall dynamics of the system.
To illustrate the dynamics of behavior on φ, we will switch be-
tween two perspectives. One is the landscape view of the dy-
namical system, the phase-space plot for φ and φ̇. It shows the
global picture and the location and quality (attractor or repel-
lor) of all fixed points of the dynamics. For the overall dynamics
�total of the system, the set of all attractors can be understood as
emerging intended instantaneous goals of the system. We will
call these emergent attractors and analyze the means of their
emerging.
Having designed the system’s tasks around fixed points (stable
and unstable) of individual dynamics ��, the question to ask is
where the fixed points of the overall dynamics �total are located
in relation to them.
Two contributions �1 and �2 will not influence themselves, if they
reciprocally yield zero values for the entire φ domain – if one
shows a contribution, the other one does not. This is akin to say-
ing that they are linearly independent on the one-dimensional
domain of heading angles. Picture two obstacles that are im-
plemented with a range term and both are positioned outside of
the influence’s range of the other. It follows that �total = �1 + �2

will have preserved the fixed points of �1 and �2 both. Globally,
the dynamics �total will feature multiple basins of attraction. This
is also called multi-stability of the system.
If two contributions are, on the other hand, linearly dependent,
the fixed points of �total are not necessarily preserved. We will
show how in this scenario contributions can either merge to form
a fused contribution that is larger and where the fixed point is
averaged between the positions of the fixed points in �1 and �2

or completely new emergent fixed points can appear in between
via bifurcation. In the latter case, the fixed points of �1 and �2

can be ”pushed” side-ways.
The position of such new fixed points is influenced by the
strength of the individual contributions. Stronger contributions
will enforce that the concerning fixed-point in �total stay close
to the individual fixed point of the task. Therefore we can in-
troduce the notion of prioritization into the approach. Higher
task contributions signal a more critical task, and the consol-
idated behavior should be closer to that tasks’ goals. In this
spirit, obstacle avoidance terms should always yield stronger
contributions than target acquisition terms.
We now switch to a second perspective on the dynamical evo-
lution of φ: If we assume that the system permanently ”sits”
in an attractor state of �total, as introduced in section 2, then
the question of how that current attractor shifts becomes more
important than analyzing the complete landscape picture of the
dynamics, i.e. the local changes of the current attractor should
be the focus, not the set of all attractors of the system. In this
paper, we will show from experimental data and discuss, how the
current attractor shifts and traverses bifurcations. Tracking the
current attractor is possible if the shifts are local, also, and the
system relaxes quickly enough. The relaxation strength near the
attractor can be estimated from the linear approximation of the
dynamics at that point. From that we will estimate a maximal
shift in heading the system can suffer while still staying close
to the current attractor, see 2.4.
Crucially, all bifurcations are local. Thus, even if the current
attractor is transformed into a repellor, the system will find a
new attractor in it’s vicinity to which it will quickly relax to.
So, if the current attractor of �total is successfully tracked, the
system is guaranteed to reside in meaningful state.
Let us exemplify the combination of target and obstacle avoid-
ance contribution:

�φ
�� = �obs(φ) + �tar(φ) (13)

Precedence of obstacle avoidance over target acquisition is
guaranteed by making the maximal strength of the obstacle con-
tributions larger than that of the target contribution.
Figure 9 illustrates the combined effects of target and obsta-
cle constraints. In this situation, the space between the two
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Toward which attractor heading direction is pulled depends on
the initial heading. Initial heading directions slightly to the
left of the angle in which the obstacle lies lead to the left-ward
avoidance paths, initial heading directions to the right of that di-
rection lead to right-ward avoidance paths. Near the boundary
of the two basins of attraction, that is, near initial heading di-
rections that coincide with the angle at which the obstacle lies,
small changes in heading direction will bring about changes
between left-ward and right-ward avoidance paths.
Conversely, given a fixed initial heading direction, a small
change of sensory information might shift the direction in which
the obstacle is detected to either the left or the right of the initial
heading direction, creating different paths. Therefore, heading
direction depends sensitively on initial conditions or on sen-
sory information in this first form of decision making captured
by multi-stability.
The second form of decision making can be illustrated in the
presence of two obstacles, as shown in Figure 14. When the
obstacles are sufficiently far from each other, the vehicle may
pass between or go around them to both the left or to the right.
If, on the other hand, the obstacles are sufficiently close to each
other, the vehicle should not attempt to pass between them, but
go around either way. Here, decision making means a change in
the number of attractors as sensory information changes. Such
changes are bifurcations of the overall dynamical system. At a
critical distance between the two obstacles, a small change in
environmental or sensory conditions may lead to one scenario
or the other.
Figure 14 illustrates how such a bifurcation can come about. In
the top panel, the robot faces two obstacles that are sufficiently
far apart to pass in between. In this case the corresponding
obstacle contributions overlap little and can be thus said to
be linearly independent. The superposed obstacle avoidance
dynamics has repellors corresponding to each obstacle respec-
tively and an attractor in between which allows the robot to
pass between the obstacles. Because the target contribution
attracts towards a direction in-between the obstacles, the over-
all dynamics has a strong attractor at the direction pointing
between the two obstacles. The vehicle path straight to the
target is quite unperturbed by the obstacle avoidance forcelets.
It is generated from the initial configuration illustrated in the
figure.
In the bottom panel, the robot again faces two obstacles, but this
time they are positioned too close together for the robot to pass
in between them. In this situation four obstructions, modeled
as four virtual obstacles, are detected, two corresponding to
the obstacle on the left, the other two to the obstacle on the
right. The repulsive forcelets from these four virtual obstacles
overlap considerably and are thus linearly dependent. Their
superposition causes averaging among the repulsive forcelets,

Figure 14. Demonstration of decision making by the path planning dynamics:
The robot is placed at a distance 20 cm from the obstacles and
facing them. The target lies behind the obstacles. The two pictures
in the left column illustrate two situations: In the first (top of this
column) the separation between the two obstacles is larger then
the robot’s size, while in the second (bottom of the column) the
opposite holds. For each situation two plots are presented. The
first plot shows the individual repulsive forcelets (grey lines) and
their superposition (solid bold line). The second plot exhibits the
resultant obstacles contribution (traced line), target contribution
(doted line) and the resultant dynamics of the heading direction
(solid bold line). When the separation between the two obstacles
is larger than the vehicle size the path planning dynamics forms an
attractor at the direction pointing toward the passage. Reverselly,
the path planning dynamics erects a repellor at this direction when
the distance between the obstacles is not sufficiently for the robot
to pass in between.

leading to a single repellor at the mean of the four directions in
which the virtual obstacles lie. Behaviorally, the two obstacles
(or four virtual obstacles) are thus modeled as a single direction
that must be avoided. The target contribution erects an attractor
at that same direction. Since the repellor from the obstacle
constraints is much stronger than the attractor from the target
constraint the overall dynamics has a repellor at that direction.
This leads to paths that turns away. Note that there are two
attractors corresponding to turning either left or right.
To illustrate how the dynamics changes from one form to the
other, the distance between the obstacles was changed stepwise
from 80 cm down to 0 cm while fixing the robot at a distance of
20 cm from the obstacles. The resulting fixed points and are
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even though the approach is purely local, it 
does achieve global tasks 

based on the structure of the environment! 

Observation:





Observation

different solutions may emerge depending 
on the environment… 



Other implementations

autonomous wheel-chair by Pierre Mallet, Marseille



[Pierre Mallet, Marseille]



other implementations

Estela Bicho’s cooperative robots… => 
exercises… 



Conclusion

attractor dynamics works on the basis low-
level sensors information

as long at the force-lets model the sensor-
characteristics well enough to create 
approximate invariance of the dynamics 
under transformations of the coordinate 
frames



Second order 
attractor dynamics

source: Bicho, Schöner, Robotics and 
Autonomous Systems 21:23-35 (1997)



Second order dynamics

idea: go to even lower level 
sensory-motor systems: 

a sensor that only knows there is a 
target or an obstacle on the left vs. 
on the right…

but is not able to estimate the 
heading of either 

a motor system that is not calibrated 
well enough to steer into a given 
heading direction in the world 



behavior variable

turning rate omega rather than heading direction

can be ``enacted’’ by setting set-points for 
velocity servo controllers of each motor 

target: information about target being to the left, 
to the right, or ahead, but no calibrated bearing, 
psi, to target

obstacle: turning rate 

to the right when obstacle close and to the left

to the left when obstacle close and to the right

zero when obstacle far



dynamics of turning rate: 
obstacle avoidance

pitch-fork normal form (to get left-right 
symmetry)

but symmetry potentially broken by additive 
constant: biases bifurcation toward left or 
toward right



obstacle avoidance

no 
obstacle

obstacle
ahead

obstacle
to the 
right

obstacle
close 

to the right



obstacle avoidance

in absence of obstacle in forward direction 
(distance large): alpha negative, constant zero



obstacle avoidance

in presence of obstacle in forward direction, 
symmetric bifurcation to desired avoidance 
rotations: alpha positive, constant zero



obstacle avoidance

in presence of obstacle to the right of current 
heading: tangent bifurcation removes attractor 
at negative omega, alpha negative, constant 
negative



mathematical form
compute constant and alpha from obstacle force lets



bifurcations as 
an obstacle is 
approached 



dynamics: target acquisition

a sensor for a target on the left sets an attractor at 
positive turning rate, strength graded with intensity

a sensor for a target on the right sets an attractor at 
negative turning rate, strength graded with intensity



mathematical formulation

force-let of 
each target 
sensor

summed to 
total dynamics



putting it to work on a simple 
platform

Rodinsky! 

circular platform with 
passive caster wheel

two (unservoed) 
motors

5 IR sensors

2 LDR’s

microcontroller 
MC68HCA11A0  
Motorola (32 K RAM), 
8 bit



example trajectories



demonstration



why does it work?

here the dynamics exists instantaneously 
while vehicle is heading in a particular 
direction

while the vehicle is turning under the 
influence of the corresponding attractor for 
turning rate, the dynamics is changing! 

typically undergoing an instability as vehicle’s 
heading turns away from an obstacle… 



what is the benefit of using 
second order dynamics?

ability to integrate constraints which do not 
specify a particular heading direction, only 
turning direction

ability to impose a desired turning rate => 
enhances agility in turning 

ability to control the second derivative of 
heading direction=angular acceleration: 
enables taking into account vehicle dynamics



quantitative comparison

B. Metrics

We used two goal metrics to assess the performance: the
minimum distance to any obstacle (M2O) throughout the entire
simulation and the minimum distance to target (M2T). The
former was a safety measurement, as the larger M2O was, the
safer the path was. The latter indicated whether the goal had
been reached in the allocated time.

To analyze the control action, we introduced three metrics:
The average of angular acceleration (AAA), measured over
time. The standard deviation of angular acceleration (SDA),
where low values of AAA and SDA would imply smoothness
over the entire trajectory. And also the count of occurred
saturations (SAT) of the velocity command to capture the
capability of the hardware to enact the issued commands.

C. Parameter Estimation

A difficulty of comparisons of different approaches is that
performance and comparability relies heavily on the choice
of the parameters of the techniques, this being especially true
for systems of coupled dynamical equations. Here, one can
observe that the approaches do not have the same quantity of
parameters and that the parameters not even have the same
meaning or the same order of magnitude. Another difficulty is
the structure of the parameter space being sparse.

To tackle this issue, we first hand-tuned all the parameters
to a qualitatively satisfactory region of parameter space and
then applied an optimization using a score-based genetic algo-
rithm. The scores were based on the above mentioned metrics
and they were graded using a desired boxplot that express
the desired behavior. The truncation selection was chosen
with Arithmetic cross-over and small random pertubation as
mutation. After 3,200 trials for each technique, the parameters
chosen were as follows:

• FOAD: �t = 1.1, �3 = 3.2, �✓ = 0.59 and �4 = 0.5

• ADWD: Kg = 1.6, Ko = 5, b = 5.3, c1 = 0.23,
c2 = 0.3, �✓ = 0.45, �1 = 0.29

• CAPF: Kp = 1.1, Kv = 5, ⇢0 = 0.3, ⌘ = 0.008

• PFVS: Kp = 0.8, ⇢T = 1, ⌘ = 0.003, ⇢0 = 0.2

In the end, the four techniques did not present collisions,
they did not show saturations and they all reached the target
area. Thus, the performance metrics showed us that the algo-
rithms achieved with this parameter sets what was expected
from them based on the literature.

D. Experiment

We randomly generated 400 forest scenarios with different
difficulty levels, Fig. 1 illustrate an easy and hard scenario.

We ran the trials with small and large noises. Trials with
small noise served as a ground test. The chosen standard
deviations for small noise for the ultrasound and GPS were
1mm and 0.14m, respectively, and large noises were 2cm
and 0.7m, respectively. The value of the large noise was
determined by searching for the stability margin of the setup.
For noisy obstacle data, the stability margin was at a noise level
of 29% of the robot diameter, and for the localization of the

Fig. 1. Superposition of a example of hard scenario and easy scenario
generated.

robot itself, a noise with 10 times the robot diameter delimited
the stability margin. The noise in localization position also
affected the target representation, for instance, an initial target-
robot distance of 1m would erect a desired heading error of
0.6rad while when the distance would drop to 0.2m, the error
would rise to 1.3rad.

IV. RESULTS

As it postulated by the parameter design, we did not have
any collisions for the 800 runs. All achieved the target area and
no saturation cap occured. Moreover, all trials achieved similar
M2O and M2T metrics overall, with medians 0.08m± 0.02m
and 0.05m± 0.05m, respectively. The figures 2 to 3 show the
overall statistics for the control action metrics.
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Fig. 2. Boxplot comparison for the four techniques. For the AAA metric,
the desired position of the quartiles would be near zero for smoothness.

Note that the plots show the bias of the AAA towards
negative values, which comes from the initial orientation of
the robot in the experiments.

The ADWD shows the smoothest transitions in control
actions and with the lowest variation for the length of the
trajectories, even in the presence of noise. The Attractor

1st order 2nd order

[Hernandes, Becker, Jokeit, Schöner, 2014]



Summary

behavioral variables

attractor states for behavior

attractive force-let: target acquisition

repulsive force-let: obstacle avoidance

bistability/bifurcations: decisions

can be implemented with minimal 
requirements for perception


