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In vehicle motion planning

movement is generated through a 
“behavioral dynamics” that is in closed loop 
with the environment

taking into account (possibly time varying) 
constraints from the perceived environment

time to reach the target was not a 
constraint.. and not controlled/stabilized



Reaching movements of an arm

reaching movements may be generated in 
open loop.. by an internal “neural” dynamics

generate movements that are “timed”, that is,

they arrive “on time”

the are coordinated across different effectors 

the are coordinated with moving objects (e.g., catching)

timing implies some form of anticipation… 



How is timing done in 
conventional robotics?

conventional motion planning: fixed 
templates of timing encoded in digital 
computers… determined from trajectory 
planning algorithms that a purely kinematic, 
and are realized by servo-controllers that 
“track” the time plan 

optimal control: planning takes the physical 
dynamics into account (e.g. optimizing a cost 
function) .. timing constraints may be added



How is timing done in 
autonomous robotics?

Koditschek’s juggling robot: 

physical dynamics of bouncing ball modeled… actuator inserts a 
term into that dynamics so that a periodic solution (limit cycle) 
results

ball is kept within reach by conventional P control from contact 
to contact
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Fig. 5. The BŸhgler Arm. The three joint values,q1, q2, andq3 are referred to as! , " , and# , respectively, in this paper (a).
The horizontal workspace with obstacles: the beam, inner and outer paddle limits, and the boundary of the visible workspace (b).

Estimated ball states,T öb, are passed through a memoryless
transformation,m : T öB ! Q, to produce reference robot
positions,r = m(T öb). Sincem is analytic, this block also
producesúr and ¬r for use by the control system. Following
the work of Buehler, Koditschek, and Kindlmann (1990a),
them used for juggling leads to robot motion that appears to
be a distorted reßection of the ballÕs motion, and we call it a
mirror law. The juggling mirror law used in this paper was
developed by Rizzi, and a detailed description is available
(Rizzi 1994). The mirror law uses nine key parameters that
prescribe the spatial location and feedback gains for the juggle
behavior. In this work, we are mostly interested in modifying
the location of theset point, G(denoting the three parameters
used to prescribe horizontal position and the apex height of the
ballÕs desired periodic vertical trajectory), thereby deÞning
juggling control strategies that are active in different regions
of the workspace. We also modify the vertical energy gains
to create the palming behavior. The juggling mirror law is
discussed in more detail in Section 2.5, and we introduce
control laws for other behaviors in Section 2.6.

The reference robot states created by the mirror law are
fed to an inverse-dynamics joint-space controller (Whitcomb
1992; Whitcomb, Rizzi, and Koditschek 1993),C, which
produces torque values,$. The torques are used by the ac-
tuator block,A (ampliÞers, motors, etc.), which generates
true robot-joint states,T q " TQ. The robot states are
sensed and returned toC for feedback control. TheCÐA
control/actuation loop has been shown to be globally asymp-
totically stable, so thatT q ! T r whenever¬r is continuous.
As for the sensor block,VÐO, we have assumed that the
transients of theCÐA loop have died out by the time of any
robotÐball interaction, and, hence, thatT q = T r. Again,
in practice, the transients are generally rapid enough to sup-

Fig. 6. Flow chart showing the various functional blocks of
the system: vision,V ; observer,O; mirror law, m; control,
C; and actuation,A. The parameters of interest to this paper
all reside inm.

port this simpliÞed reasoning; however, in some situations we
inevitably pay a price in performance. This topic is further
explored in Section 4.4.3.

Together, all the blocks depicted in Figure 6 form a dy-
namical plant, or Þlter, relating inputsT b to outputsT q. We
denote this Þlter by%, and loosely refer to it as a Òcontroller.Ó

2.3. The Closed-Loop System

Figure 7 depicts the interconnected robot-environment (ball)
system that arises when a falling ball excites the visual Þeld of
the hardware and software system just described. We denote
the resulting closed-loop dynamicsF%, where the subscript
reßects the dependence of the robotÕs reactions, and hence
the evolution of the coupled robot-environment states, on the
blocks of% depicted in Figure 6. It turns out that the repet-
itive continuous trajectories of this closed-loop system can
be much more readily understood by passage to an induced
discrete-event sampled mappingÑthe Òreturn map,Ó of the pe-
riodic orbits, that we denote byf %. This map (more exactly,
its iteration considered as a dynamical system) represents the



Raibert’s hopping robots

dynamics bouncing robot 
modeled… actuator inserts a 
term into that dynamics so 
that a periodic solution (limit 
cycle) results

robot is kept upright by 
controlling leg angle to 
achieve particular horizontal 
position for Center of Mass

Timing in autonomous robotics



Generalize this to bipedal/
quadrupedal locomotion 

template…oscillator at macro-level.. 

anchor… kinematics at joint/actuator level 3329Hypotheses of legged locomotion on land

function, albeit now in more natural regimes, is still the rule.
Templates should be anchored so as to reveal underlying
mechanisms. These mechanisms represent the channels along
which neuromechanical integration can be attempted. We now
assess the difficulties in this undertaking, introduce the notion
of an anchor as a specific grounding hypothesis and explore its
utility in reducing these difficulties.

Mechanisms require control
In proceeding from the animal as a body or point mass to

one with jointed legs, we confront immediately Bernstein’s
historical (1935) ‘degrees of freedom problem’. The musculo-
skeletal system has many degrees of freedom, even if it is
simplified to a linkage of rigid bodies. Locomotion entails
coordinating these many degrees of freedom, meaning that the
system restricts itself to a low-dimensional subset of its high-

dimensional space of possible motions, presumably in different
ways when coordinating different behaviors. In other words,
there is a ‘collapse of dimension’ that occurs in regulating
locomotion. It is the job of the integrative biologist to
hypothesize empirically refutable control strategies that can
achieve this simplification. We believe the most direct path
towards such hypotheses begins with a view of empirically
unrefuted templates (of the kind described above) as literal
control targets, and then seeks specific control principles that
will suffice to embed them in the surrounding mechanism.
Identifying and analyzing the control activity that achieves this
coordination cannot fail to shed some light upon the manner in
which the nervous system and the musculo-skeletal system
interact. At the very least, understanding the coordination of
the elaborated mechanical system in expressing template
behavior should produce prescriptions of the form ‘the nervous
system must at least be doing …’ or, contrarily, proscriptions
of the form ‘the nervous system could not possibly be doing
…’

Anchors Ð a strategy for embedding templates in elaborated
models

The coordinated recruitment of high-degree-of-freedom
physiological mechanisms into the low-degree-of-freedom
mechanical template requires significant control activity.
Raibert’s (1986) work first showed that one might organize
quadrupedal locomotion with reference to a single virtual leg
conceived as a SLIP. Later, he introduced an ankle joint into
the model to produce a one-legged hopping robot, a monoroo.
Recently, Saranli et al. (1998) have proposed algorithms that
coordinate the running of an ankle-, knee- and hip-actuated
monopod by reference to a virtual SLIP. The resulting
controller takes high-level control commands, such as desired
speed, hopping height and duty factor, for a SLIP and produces
joint torques that force the center of mass of the ankle, knee
and hip monopod to behave in the prescribed (lower degree of
freedom) manner.

In all these cases, the actual morphological details
comprising degrees of freedom ‘redundant’ for the task are
‘trimmed away’ by a controller under whose influence there
emerges a virtual mechanism (Fig. 2). This mechanism is
modeled by the dynamics of a template. The template has just
enough complexity to encode the task of maneuvering the
payload – the body center of mass for running – and no more.
The remaining degrees of freedom are used simply to anchor
the maneuver in a particular complement of mechanical
hardware. We will say that a more complex dynamic system
is an ‘anchor’ for a simpler dynamic system if (1) motions in
its high-dimensional space ‘collapse’ down to a copy of the
lower-dimensional space of motions exhibited by the simpler
system and (2) the behavior of the complex system mimics or
duplicates that of the simpler system when operating in the
relevant (reduced-dimensional copy of) motion space. Thus,
although Raibert’s (1986) quadruped has an entirely different
morphology from the ankle–knee–hip monopod, both can
serve as anchors for the SLIP template. In other words, these
anchors can be endowed with controllers that, within any

TEMPLATE

ANCHOR

Collapse dimensions
by trimming away
degrees of freedom
(seek synergies
and symmetries)

Add degrees of
freedom (joints,
muscles) from
animal to reveal
mechanisms

Use as a guide or
target for control

Make policies for
neuromechanical
control

Fig. 2. Relationship between the template and anchor. A template is
a pattern that describes and predicts the behavior of the body in
pursuit of a goal. A template, such as the simple pogo stick or spring-
loaded inverted pendulum (SLIP) shown here, serves as a guide or
target for the control of locomotion. Since we also seek models of
how legs, joints, multiple muscles and neural networks work together
to produce locomotion, we can also add degrees of freedom to better
represent the animal of interest such as a kangaroo. The resulting
anchor is a more realistic model fixed firmly or grounded in the
morphology and physiology of an animal. An anchor is not only a
more elaborate dynamic system, but must have embedded within it
the behavior of its template. A template is created by ‘trimming
away’ all the incidental complexity of joints, muscles and neurons.
Using this process, we can hypothesize new neuromechanical control
policies that span levels of organization. The relationship between
template and anchor offers a specific solution to Bernstein’s (1935)
‘degrees of freedom problem’ by advancing a specific hypothesis
concerning the manner in which the template’s behavior emerges
from the morphological and physiological details. The anchor’s
‘lower-level’ within-stride control policy actuates the ankle, knee
and hip joints to ‘trim’ the motion of its mass center down to that of
a SLIP. The ‘higher-level’ stride-to-stride control policy regulates
the task-level behavior of the template, such as fore–aft speed,
hopping height or duty factor, essentially ‘driving’ the virtual SLIP.
Such specific models of hierarchical control generate empirically
refutable hypotheses.

[Full Koditschek 99]



How is timing done in 
autonomous robotics?

Raibert’s bio-dog

expand that idea to coordination among limbs

=> technical variant 
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Figure 4.  Top: BigDog climbing 35 degree slope with loose 
scree-like surface.  The front legs were reversed for this 
experiment.  Bottom: BigDog climbing a simulated rubble 
pile using a crawl gait in the laboratory.  For this experiment, 
all terrain sensing is done with the legs, feeling its way along.!
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How is timing done in 
autonomous robotics?

https://www.youtube.com/
watch?v=M8YjvHYbZ9w

https://www.youtube.com/watch?v=M8YjvHYbZ9w
https://www.youtube.com/watch?v=M8YjvHYbZ9w


Timing in nervous systems
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Relative vs. absolute timing

threshold
activation

time

absolute timing
relative timing

DT

T

relative phase=DT/T



Absolute timing

examples: music, prediction, 
estimating time

typical task: tapping

self-paced vs. externally paced



human performance 

on absolute timing is 
impressive

smaller variance than 
5% of cycle time in 
continuation paradigm 

12 ALAN M. WING

FIG. 3. Variability of timing. At longer intervals, timekeeper variance (var(C)) increases but motor
implementation variance (var(M)) is relatively constant. (From Wing, 1980.)

tively increase timekeeper variance. Wing (1980a) showed that this was the case in
an experiment in which subjects tapped to different target intervals, T, in the range
220–490 ms on different trials (see Fig. 3). Tables 1 and 2 summarize a number of
other experiments partitioning timing variability into var(C) and var(M).
It is instructive to relate the partitioning of variability of timing into timekeeper

and motor implementation variance in repetitive responding to measures of timing
variability reported in a single interval production task studied by Rosenbaum and
Patashnik (1980a, 1980b). Subjects used R and L index finger responses to delimit
a single interresponse interval, I, to match a previously presented target, T. This was
varied in steps of 100 ms up to 1000 ms, with the shortest, T ! 0 ms, requiring
simultaneous movement of the index fingers. Instructions in different blocks of trials
emphasized either speed (produce the first response as quickly as possible) or accu-
racy (produce the interval as accurately as possible). As would be expected, reaction
time (RT) was faster in the speed condition. RT was also faster with larger values
of T. Later, we return to consider these RT effects, but here we focus on the interval
timing results. In both speed and accuracy conditions mean(I) matched the target.
For T ! 0 ms the variances were nonzero and equal in the two conditions. At larger
values of T, var(I) increased linearly with mean(I). The slope of the function relating
mean and variance of the intervals between left- and right-hand responses was less
steep in the accuracy condition than in the speeded condition (see Fig. 4).
There are two points to note arising from the results on variability of the time

intervals produced in this task. First, in the condition calling for simultaneous re-
sponses, the variability var(I) may be attributed to the motor system, since there is
no demand on timing (T ! 0). It is thus reassuring to note that Rosenbaum and
Patashnik reported equal intercepts (no difference in the variability at zero interval)

[Wing, 1980]



Theoretical account for absolute timing

(neural) oscillator autonomously 
generates timing signal, from which 
timing events emerge

=> limit cycle oscillators

Clocks=limit cycle oscillators
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Neural oscillator
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FIG. 5. (Top) A periodic evolution of an activation variable cannot be obtained as a solution of a
single-variable dynamical system, because most levels of activation (here the zero level) are crossed in
two different directions, so that the future is not uniquely determined by the present state of the activation
variable. (Bottom) A second variable, here called ‘‘inhibition,’’ is needed to disambiguate these two
events.

To see this, imagine a periodic time course of activation (Fig. 5). All levels of activa-
tion (except at the turning points) are then passed through in two directions, once at
increasing and once at decreasing activation. Thus, such activation values do not
uniquely specify the future. A second variable, here called ‘‘inhibition,’’ is needed,
to disambiguate the future: each activation level is passed through once at a smaller
and once at a larger level of this second variable. Thus, clocks cannot be built as
dynamical systems in terms of activation alone!
Stable periodic solutions, to which the system is attracted from nearby states are

called limit cycle attractors. An example of a dynamical system supporting limit
cycle attractors of an activation–inhibition pair of variables is

τu̇ ! "u # hu # wuu f (u) " wuv f (v) (6)

τv̇ ! "v # hv # wvu f (u), (7)

equations first analyzed by Amari (1977). The first two terms of each equation de-
scribe two linear uncoupled dynamical systems, each with a stable fixed point at the
resting levels of activation, hu, and of inhibition, hv. A sigmoid function,

f (u) !
1

1 # exp["βu]
, (8)

makes the system nonlinear in terms of ‘‘self-excitation’’ (wuu) and of coupling be-
tween activation and inhibition variables (wuv, wvu). For appropriate choices of these
parameters, a limit cycle attractor emerges (Fig. 6). The stability of the periodic solu-
tion manifests itself by attraction of neighboring states toward the limit cycle. The
activation-based stochastic timer model emerges as the limit case, in which the vector
field is structured such that a period of graded activation growth is followed by a
more rapid phase of activation decay (Fig. 6b). In fact, abstractly speaking, any clock
is a limit cycle attractor of a dynamical system (see, e.g., Andronov, Vitt, & Khaikin,

[Amari 77]

relaxation 
oscillator



Neural oscillator 
accounts for variance 
of absolute timing 
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Clocks

hour glasses are also oscillators

but: it is critical to include the “resetting”
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Reduced timing variance for 
bimanual movement

observed by Ivry 
and colleagues

accounted for by 
averaging of two 
times

but: requires 
coupling

�X�M�Q�I��

�X�M�Q�I�� �X�M�Q�I��

�X�L�V�I�W�L�S�P�H
��
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locomotion, interlimb and intralimb

speaking

mastication 

music production 

... approximately rhythmic

Relative timing: movement 
coordination 



reaching and grasping

bimanual manipulation 

coordination among fingers during 
grasp

catching, intercepting

Examples of coordination of 
temporally discrete acts:



Coordination is the maintenance of 
stable timing relationships between 
components of voluntary movement. 

Operationalization: recovery of 
coordination after perturbations

Example: speech articulatory work 
(Gracco, Abbs, 84; Kelso et al, 84)

Example: action-perception patterns 

Definition of coordination



No, for example:

locomotion: whole body 
displacement in the plane

in the presence of obstacles takes longer

delay does not lead to compensatory acceleration

but coordination is pervasive... 
e.g., coordinating grasp with reach 

Is movement always timed/
coordinated? 



Relative vs. absolute timing

threshold
activation

time

absolute timing
relative timing

DT

T

relative phase=DT/T



in-phase
synchronization, moving through like phases 
simultaneously

e.g., gallop (approximately)

anti-phase or phase alternation
syncopation

e.g., trott 

Two basic patterns of 
coordination



An instability in rhythmic 
movement coordination

switch from 
anti-phase to 
in-phase as 
rhythm gets 
faster

�X�M�Q�I���J�V�I�U�Y�I�R�G�]

�V�I�P�E�X�M�Z�I���T�L�E�W�I��

�E�R�X�M���T�L�E�W�I

�X�M�Q�I���J�V�I�U�Y�I�R�G�]

�J�M�R�K�I�V���X�V�E�N�I�G�X�S�V�M�I�W

�E�R�X�M���T�L�E�W�I�M�R���T�L�E�W�I

�M�R���T�L�E�W�I

Kelso, 1984



Instability

experiment 
involves finger 
movement

why fingers?
no mechanical coupling

constraint of maximal 
frequency irrelevant

=> pure neurallly based 
coordination 

Schöner, Kelso (Science, 1988)



Instability

frequency imposed by metronomes 
and  varied in steps

either start out in-phase or anti-
phase



data example (Scholz, 1990)



computation 
of continuous 
relative phase 
(Scholz, 1990)



Pattern stability
instability: anti-phase pattern no 
longer persists

thus: even though mean pattern is 
unchanged up to transition, its 
stability is lost

=> stability is an important property 
of coordination patterns, that is not 
captured by the mean performance 
alone



Measures of stability

variance: fluctuations in time are an 
index of degree of stability

stochastic perturbations drive system away from the 
coordinated movement 

the less resistance to such perturbations, the larger 
the variance 



Measures of stability

relaxation time
time need to recover from an outside perturbation

e.g., mechanically perturb one of the limbs, so that 
relative phase moves away from the mean value, then 
look how long it takes to go back to the mean pattern

the less stable, the longer relaxation time 
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Fig. 1. Sample relaxation time estimates in the anti -phase (top) 
and the in-phase (bottom) mode. In each part are shown (f rom 
above): the f inger displacements (RF: right f inger, LF: lef t f in- 
ger), the f inger velocities, the continuous estimate of  relative phase 
and the torque pulse. 

adjacent frequency plateaus. Perturbations were ran- 

domly distributed over a block of trials such that each 

of the nine frequency plateaus was perturbed a total 

of ten times. 

Using interactive computer displays, an estimate 

of the relaxation time was obtained from the time of 

torque pulse offset until the relative phase time series 

stabilized at its pre-perturbation mean value. Fig. 1 

illustrates this procedure for two typical runs - at the 

same pacing frequency (2 Hz) - in the two modes 

of coordination. 

Interactive computer displays were also used to 

measure the switching time on frequency plateaus in 

which a transition occurred. Here the estimate was 

determined as the time from the beginning of the fre- 

quency plateau to the point where the relative phase 

time series stabilized at a 0 ° (or 360 ° ) mean value 

PHYSICS LETTERS A 31 August 1987 

corresponding to the completion of the transition. 

The results of these experiments for the relaxation 

time estimate are shown in fig. 2 for all five subjects. 

We note the following features: (1) Except for the 

lowest frequencies, the relaxation time in the anti- 

phase mode is consistently higher than in the in-phase 

mode. (2) As the frequency approaches the transi- 

tion frequency, the relaxation time in the anti-phase 

mode increases yet remains constant or decreases in 

the in-phase mode. A mode by pacing frequency 

analysis of variance performed individually for each 

subject's data showed that this difference was statis- 

tically significant in all but one case. Even for this 

subject (BK), who showed an overall decrease of 

relaxation time in both modes, a sharp increase 

occurs in the anti-phase mode immediately prior (2.2 

Hz) to the transition. 

Overall pre-transitional increases in relaxation time 

thus prove the presence of critical slowing down in 

this biological coordination problem and are consis- 

tent with earlier theoretical predictions [7,8] and 

experimental studies of relative phase fluctuations 

[9,10] showing that: (1) The anti-phase mode is 

dynamically less stable than the in-phase mode; and 

(2) the transition from anti-phase to in-phase mode 

is connected with a loss of stability. Specifically, in 

the theoretical model for the stochastic dynamics of 

relative phase ¢ [7,8]: 

~= - a sin(C) - 2b sin(2¢) +,jrQ ~,,  (1) 

with ~, as gaussian white noise of unit variance, and 

model parameters a, b and Q. The relaxation times, 

rrel, were predicted as: 

1 1 

ZreLO-- 4b+ a'  Zrel.~-- 4b- a'  (2) 

where 0 refers to the in-phase mode and n to the anti- 

phase mode. When we determine the parameters a 

and b from the measured relaxation times in the two 

modes, we find that a/4b~0.39 on the last pre-tran- 

sition frequency plateau for all subjects. This is much 

further from the critical point (a/4b= 1.0) than found 

in earlier studies of relative phase fluctuations (in 

ref. [ 10]: a/4b.~0.64). Consequently the critical 

fluctuations predicted [ 8 ] 

/ \ I/2 
SD,~ (T~e,,,~) ~1.50 (3) 

- -  \ Tr el , O f 
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data example 
perturbation of 

fingers and 
relative phase

Scholz, Kelso, Schöner, 1987



Signatures of instability

loss of 
stability 
indexed by 
measures of 
stability 
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Fig. 2. The mean relaxation times as a function of pacing frequency for the five subjects (EB, GS, DT, JB and BK). The open triangles 

refer to the anti-phase mode, the closed triangles to the in-phase mode. The mean transition frequencies for the five subjects were: EB: 

2.02+0.15 Hz (N~ 34), GS: 2.27+0.15 Hz (N= 33), DT: 2.21 +0.17 Hz (N= 30), JB: 2.56+0.19 Hz (N=26)  and BK: 2.35+0.19 Hz 

(N= 28 ). In these imeans, transitions that were induced by a mechanical perturbation were discarded. Note that beyond the transition 

frequency trials started in either mode are in-phase. 

are comparati vely smal l  (cf0 ref. [10] , where this 
ratio is 2.13) .i ndeed in the present data the f luc- 
tuation enhancement on the pre-transi tion plateau 
in the anti -phase mode was not statistical ly signif i - 
cant. The SDs in both modes are at a level  of  20 ¡ , 
except for a tralasient enhancement on the transi tion 
plateau in the anti -phase mode. The parameter Q was 
estimated f rom I these data as 0.47 Hz. 

We can use these parameter estimates to test the 
consistency of  Our stochastic-dynamic model l ing (1). 
As discussed in refs. [ 2-8] , the system is predicted 
to swi tch as soon as the time scales relation: 

rf~,.~ <<Tp << z~q~ , (4) 

is violated. Here z~q~ is the equi l i brati on (or global  
relaxation) time of  (1) and zp is the time scale of  
parameter change which is identical  here to the 

observed time scale, and is given by %= 10 s. An 
estimate of  z~u can be obtained f rom the mean f i rst 
passage time (M FPT) for the passage f rom 
¢= + 180 ¡ to ¢=0 ¡. Using model  parameter esti - 
mates for the f requency plateau immediately before 
the transi tion we calculated the M FPT numerical l y 
f rom a standard formula (cf . ref . [ 8] , eq. (4.26)) 
and found M FPT= 13.0 s. For cri tical  parameters 
( a= l .6 Hz, b=0.40 Hz, Q=0.47 Hz) we found 
M FPT = 5.35 s. Thus swi tching indeed occurs as ~qu 
becomes shorter than Tp, enti rely consistent wi th the 
stochastic theory. In earl ier experiments [ 9,10 ] which 
found cri tical  f luctuations, rp was smal ler (4s)  
al lowing the system to come closer to the cri tical  point 
before (4) was violated (M FPT=9.62 s pre-transi - 
tional  and 5.28 s cri tical  there). As we have empha- 
sized [2,8] , and as the present observations clearly 
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relaxation times, individual data



data (averaged across subjects) Schöner, Kelso (Science, 1988)



Neuronal process for coordination

each component is driven by a 
neuronal oscillator

their excitatory coupling leads to in-
phase

their inhibitory coupling leads to 
anti-phase



coordination=stable relative 
timing emerges from coupling 
of neural oscillators time

activation

Coordination from coupling

[Schöner: Timing, Clocks, and Dynamical Systems. Brain and Cognition 48:31-51 (2002)]

TIMING, CLOCKS, AND DYNAMICAL SYSTEMS 41

(Engbert et al., 1997; Pressing, 1999; Semjen et al., 2000) deal explicitly with cou-
pling, albeit within the framework of delay or functional dynamical systems.

3.2. Dynamic Timing Models

Couplingis the central concept for understanding relative timing within dynamic
timing models. Mathematically, two dynamic timers, (u1, v1) and (u2, v2), are mutu-
ally coupled if the dynamic variables of one timer contribute to the dynamic equations
of the second and vice versa. For the Amari oscillator model presented earlier [Eqs.
(6) and (7)], for instance, a simple form of mutual coupling is generated by the terms
carrying the coefÞcient,c, in these equations:

! uú1 ! "u1 # hu # wuu f (u1) " wuv f (v1) (11)

! vú1 ! "v1 # hv # wvu f (u1) # cf(u2) (12)

! uú2 ! "u2 # hu # wuu f (u2) " wuv f (v2) (13)

! vú2 ! "v2 # hv # wvu f (u2) # cf(u1) (14)

These are only two out of a great variety of possible coupling terms. They generically
generate phase locking, so that the two oscillators adopt identical frequencies and
align matching parts of their activation trajectory (Fig. 11). This relative time order
is stable; that is, when the two oscillators start out with differently aligned trajectories
or are perturbed away from the stable alignment, then the dynamics drives the timers
back to the stable timing relationship.

A characterization of relative timing independently of the underlying activation
states is possible through the concept ofrelative phase.Its empirical deÞnition is
based on reference events (here the moments in time when activation pierces a thresh-
old leading to a motor event such as a tap). The latency between matching events
of two activation functions divided by the current cycle time of either of the activation
functions is the relative phase," ! #T/T (Fig. 9). (Relative phase may be normalized

FIG. 11. Two coupled dynamic timers [Eqs. (11), (12), (13), (14)] generically adopt a stable pattern
of relative timing called phase-locking (here near in-phase). Activation variables are in solid black,
inhibition variables in dashed gray. (Bottom) The two activation variables are plotted against each other.
Except for noise-induced ßuctuations, the two variables covary, indicating phase-locking.



marginal stability of phase 
enables stabilizing relative 
timing while keeping trajectory 
unaffected 

d�F/dt = f( �F)

�F
phase neutrally 
stable

phase 
stabilized
by coupling

Movement timing

[Schöner: Timing, Clocks, and Dynamical Systems. Brain and Cognition 48:31-51 (2002)]



coordination patterns are stable 
states

stability may vary and may be lost

instability leads to pattern change

Dynamical systems account of 
instability



Dynamical systems account of 
instability

state of 
dynamical 
system 
x=relative 
phase

x

dx/dt=f(x)

dynamical system

fixed point, which is stable (attractor)



Dynamical systems account of 
instability

at low 
frequencie
s this 
system is 
bistable

in-phase anti-phase

�\

�H�\���H�X�!�J���\�




Dynamical systems account of 
instability

at 
increasing 
frequency 
stability of 
anti-phase 
is lost
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Predicts increase in variance

“critical 
fluctuations”
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Predicts increase in relaxation time

“critical 
slowing 
down”

relaxation time

movement 
frequencyincrease in 

movement 
frequency

anti-
phase

relative phase

rate of change of relative phase

in-
phase



 Conclusion

to understand coordination patterns, 
we need to understand the 
underlying coordination dynamics

= stabilization mechanisms

and their strength

from which the mean pattern 
emerges



What level does the instability of 
coordination come from? 

from peripheral motor control?

from central motor control? 

from perceptual representations of 
movement? 



What level does 
instability come 

from? 

Mechsner, Kerzel, Knoblich, Prinz, Nature 2001

Is the instability tied to the motor system? 
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=> coordination in space

rather than in effector space

so coordinated oscillators are central

rather than peripheral



Coordination of discrete movement

coupling can account for 
coordination of discrete 
movement based on the idea that 
oscillator is “on” (stable) only for a 
cycle… 

back and forth components of 
rhythmic movement are driven by 
different neural populations

so even rhythmic movement coordination 
may exploit this mechanism of discrete 
movement coordination 
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individual movements differ more strongly in move- 
ment amplitude and hence movement time (top panel) 
and evidently their synchronization is less complete 
(bottom panel) than in the case of Fig. 6. This accounts 
for the gradual breakdown of synchronization reported 
in Marteniuk et al. (1984) and Corcos (1984), as the 
movement conditions for the two components were 

• 
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Fig. 8a, b. The coordinated movements (with coupling) shown in Fig. 
6 are reproduced as solid hnes: the small amplitude component in the 
top, and the large amplitude component in the bottom panel. The 
dashed lines show simulations at the same parameter values in which 
one component was perturbed at t = 1.2 s. In panel a of  the figure the 
intrinsically faster component x~ (top) is perturbed to assist the 
movement (xl ~ 3 cm ~ 2 cm, v ~ - 2 cm/s ~ - 4 cm/s), leading to a 
speeding up of  the unperturbed component to restore synchroniza- 
tion. In panel b the intrinsically slower component x2 (bottom) is 
perturbed to delay its movement (v I ~ - 8  em/s--,  +50  cm/s) leading 
to a slowing down of  the unperturbed component again to restore 
synchronization 

made more dissimilar. A similar breakdown of synchro- 
nization was observed by Kelso et al. (1983), when they 
placed an obstacle in the movement path of one compo- 
nent so that its space curve and hence movement time 
became much longer than that of the other hand. 

In the present theoretical account the tendency to 
synchronize discrete movement is due to the formation 
of a stable coordination pattern between the two com- 
ponents. This leads to the prediction that a remote 
compensatory reaction occurs in one component, if the 
other component is perturbed. (In light of previous 
discussion it is clear that the perturbation must be 
sufficiently strong to affect the nervous system level of 
coordination modelled here.) Moreover, the remote 
compensatory responses are such as to restore the 
coordination pattern, that is, to restore synchroniza- 
tion. We demonstrate this phenomenon for the model 
in Fig. 8. The two components perform movements 
with different movement amplitudes, but identical 
movement times due to coupling (solid lines of Fig. 8 
are the same trajectories as shown before in the lower 
panel of Fig. 6). In Fig. 8a we perturb component x~ to 
assist its movement (top panel, dashed line). We ob- 
serve an effect in the unperturbed component (bottom 
panel, dashed line): this component is also advanced in 
its movement, that means, the compensatory response 
tries to restore synchronization. Figure 8b shows the 
same effect when we perturb the slower component, x2, 
delaying its movement (lower panel, dashed line). In 
this case the effect in the other component is to move 
more slowly (top panel, dashed line), again in the 
direction of restoring synchronization. 

It would be very interesting to try to observe such a 
phenomenon in experiment, because this prediction is 
due to the conceptual structure of the present theory 
rather than to the detailed modelling assumptions. Ex- 
periments on perturbations of the movements of articu- 
lators in repetitive speech contain hints at such an 
effect. For example, Kelso et al. (1984) perturbed the 
jaw during various utterances and observed fast com- 
pensatory reactions in the upper lip if it was function- 
ally necessary to achieve final lip closure. Recently, 
Gracco and Abbs (1988) showed, that in similar situa- 
tions the compensatory movement of the remote articu- 
lator is such as to restore the normal relative timing of 
different articulators. 

Finally, we examine the consequences of the nonlin- 
ear coupling measured by the coupling coefficient/, that 
was introduced to account for anti-phase locking in 
rhythmic movement (see Haken et al. 1985). What 
could anti-phase locking mean in the case of discrete 
movement? The attraction to a relative timing corre- 
sponding to anti-phase locking leads to a tendency to 
perform two movements sequentially. Thus, if two dis- 
crete movements are initiated with sufficient delay (in 
the model: to, ~ different from to. 2), the movement time 
of the delayed movement increases to make the move- 
ment occur with less temporal overlap. In Fig. 9 we 
show two components moving with the same amplitude 
(standard parameter set, (25)), either individually (i.e., 
uncoupled: solid lines) or together (i.e., coupled: dashed 

[Schöner, Biol Cybern 63:257 (1990)]



Robotic demonstration: timed 
movement with online updating



rolls down the inclined plane. It is stored in a neural
activation Þeld, which serves as a low-pass Þlter and is
used to control the ÔapproachÕ ECU. The time-to-impact
is used to control the ÔhitÕ ECU, activating it whenever
the time-to-impact falls below a threshold.

E. Motor system

The motor system (lower right box in Fig. 2) re-
ceives input from the dynamical systems that control the
robotic arm. The dynamical systems described in Eq. 5
generate trajectories for the racket movement variables
x, y and ! in task space that are deÞned in the coordinate
system of the inclined plane. They are Þrst transformed
to a world reference frame centered at the base of the
robot and then converted into joint angles using an
inverse kinematics transformation. Those joint angles
drive joint servo-controllers for the robot arm.

IV. Evaluation & Results

We have implemented the architecture both on a
real robotic platform (see Fig. 1) and in a physically
realistic Matlab simulation. 1 Experimental results from
the robotic implementation are demonstrated in the
video associated with this paper. We used the simulation
environment to evaluate the performance of the system
both quantitatively, for many trials, and qualitatively, in
single situations that demonstrate its core properties.

For a quantitative evaluation, we ran a trial in which
the robot had to drive the ball up the inclined plane
(without obstacles) as often as possible. The trial con-
sisted of 1000 hitting sequences, where a new sequence
was started after every failure to hit the ball. For each
such hitting sequence, the number of consecutive hits
was counted. At the beginning of each sequence, the ball
was reintroduced into the scene with a random speed
([0.6 m, 0.8 m]) and launching angle ([95! , 120! ]). If the
ball landed inside safety margins at the left and right
borders of the inclined plane, which the real robotic arm
cannot reach due to safety provisions, the ball was re-
injected without restarting the hit counter.

For a plane inclination of 5! , the success rate for
hitting is 95.44 percent, with a mean of 20.94 consecutive
hits among all sequences. For a steeper inclination of 10! ,
the success rate is 92.43 percent, with a mean of 12.21
hits.

In the remainder of this section, we will illustrate
the core properties of the proposed model using results
of characteristic individual simulations of the complete
robotic scenario.

The trajectories in Fig. 5 demonstrate that the robot is
able to hit the ball successfully. Detailed time courses of
the relevant variables and parameters are shown in Fig. 6.
At t = 0 s, the ball is launched upwards from the bottom
of the inclined plane. At t ! 2.56 s, the ball starts rolling
down and the vision system provides a prediction of the

1The source code of the simulation is freely available for down-
load at http://neuraldynamics.eu .
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Fig. 5: Trajectories of the ball and the racket for a
successful hit. The brown line shows the racket orien-
tation, ! , at the moment of the hit.

Fig. 6: Time courses of meaningful variables of the
architecture during a successful hit. From top to bottom,
the plots show (1) whether a prediction for the ball
hitting point is available, (2) the time-to-impact, (3) the
activation of the intention nodes of ECUs, (4,5) the x-
and y-positions of the racket, and (6) the orientation !
of the racket.

rolls down the inclined plane. It is stored in a neural
activation Þeld, which serves as a low-pass Þlter and is
used to control the ÔapproachÕ ECU. The time-to-impact
is used to control the ÔhitÕ ECU, activating it whenever
the time-to-impact falls below a threshold.

E. Motor system

The motor system (lower right box in Fig. 2) re-
ceives input from the dynamical systems that control the
robotic arm. The dynamical systems described in Eq. 5
generate trajectories for the racket movement variables
x, y and ! in task space that are deÞned in the coordinate
system of the inclined plane. They are Þrst transformed
to a world reference frame centered at the base of the
robot and then converted into joint angles using an
inverse kinematics transformation. Those joint angles
drive joint servo-controllers for the robot arm.

IV. Evaluation & Results

We have implemented the architecture both on a
real robotic platform (see Fig. 1) and in a physically
realistic Matlab simulation. 1 Experimental results from
the robotic implementation are demonstrated in the
video associated with this paper. We used the simulation
environment to evaluate the performance of the system
both quantitatively, for many trials, and qualitatively, in
single situations that demonstrate its core properties.

For a quantitative evaluation, we ran a trial in which
the robot had to drive the ball up the inclined plane
(without obstacles) as often as possible. The trial con-
sisted of 1000 hitting sequences, where a new sequence
was started after every failure to hit the ball. For each
such hitting sequence, the number of consecutive hits
was counted. At the beginning of each sequence, the ball
was reintroduced into the scene with a random speed
([0.6 m, 0.8 m]) and launching angle ([95! , 120! ]). If the
ball landed inside safety margins at the left and right
borders of the inclined plane, which the real robotic arm
cannot reach due to safety provisions, the ball was re-
injected without restarting the hit counter.

For a plane inclination of 5! , the success rate for
hitting is 95.44 percent, with a mean of 20.94 consecutive
hits among all sequences. For a steeper inclination of 10! ,
the success rate is 92.43 percent, with a mean of 12.21
hits.

In the remainder of this section, we will illustrate
the core properties of the proposed model using results
of characteristic individual simulations of the complete
robotic scenario.

The trajectories in Fig. 5 demonstrate that the robot is
able to hit the ball successfully. Detailed time courses of
the relevant variables and parameters are shown in Fig. 6.
At t = 0 s, the ball is launched upwards from the bottom
of the inclined plane. At t ! 2.56 s, the ball starts rolling
down and the vision system provides a prediction of the

1The source code of the simulation is freely available for down-
load at http://neuraldynamics.eu .
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Fig. 5: Trajectories of the ball and the racket for a
successful hit. The brown line shows the racket orien-
tation, ! , at the moment of the hit.

Fig. 6: Time courses of meaningful variables of the
architecture during a successful hit. From top to bottom,
the plots show (1) whether a prediction for the ball
hitting point is available, (2) the time-to-impact, (3) the
activation of the intention nodes of ECUs, (4,5) the x-
and y-positions of the racket, and (6) the orientation !
of the racket.

(a) Trajectory of the racket when the ball is reßected by an
obstacle during the racket movement. The thin black lines
show the unperturbed trajectories of the ball and the racket.

(b) A new hitting movement sequence is initiated while the
end-e! ector is still moving back to the reference conÞguration.

(c) Trajectory of the racket when the ball is deviated by an
obstacle during the racket movement. The thin black lines
show the unperturbed trajectories of the ball and the racket.

(d) Trajectory of the racket when the ball is perturbed by
many obstacles during the racket movement.

Fig. 7: Trajectories of the ball and racket for characteristic individual simulations of the robotic scenario.

hitting point and the time-to-impact. The intention node
of the ÔapproachÕ ECU turns on and drives the end-
e! ector toward the predicted hitting point along the x-
axis and y-axis. As the ball approaches the hitting point
and the time-to-impact falls below the variable threshold
(at t ! 3.95 s), the intention node of the ÔhitÕ ECU gets
activated. This initiates a timed hitting movement of
the racket orientation, ! , the racket hitting the ball at
t ! 4.42 s. The hit drives the ball back up the inclined
plane, removing the prediction of the hitting point of
the ball prediction. The intention nodes of the ECUs
Ôreturn from hitÕ and Ôreturn/trackÕ switch on and initiate
movements that drive the racket orientation, ! , back
to the initial orientation and the x- and y-position of
the end-e! ector back to the initial posture. At the same
time, the end-e! ector starts tracking the ball along the

horizontal axis.
We now demonstrate in four scenarios the character-

istics of our model in generating and ßexibly organizing
sequences of timed movements. Each scenario consists of
a di! erent kind of perturbations on the ball trajectory.

In the Þrst scenario, shown in Fig. 7a, the ball is
reßected by an obstacle while the end-e! ector is mov-
ing toward the predicted hitting point. The model au-
tonomously reacts to this perturbation by aborting the
hitting movement sequence and initiating a movement
back to the initial posture, ready to initiate the next
hitting movement.

The second scenario (Fig. 7b) shows that the model is
able to activate a new hitting sequence even while still
moving back to the initial posture. This may for instance
occur after a successful hit that was however not strong
enough to drive the ball far enough up the incline.

[Oubbati, Richter, Schöner, 2013]



… deeper issue in timing…

contribution of the control level

muscles and biomechanics contribute to timing  

contribution of movement planning

on line updating 

arriving “just in time” 

contribution of movement organization 

timed movement sequences 

modulating timing in rhythms

coarticulation 


