Summary: main
conceptual points
Gregor Schöner, INI, RUB

2

Dynamical systems
u

time, t
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functional link between state and its
rate of change

time, t

u
u
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Dynamical system
present determines the future

dx/dt=f(x)
predicts
future initial
evolution condition

x
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Dynamical systems
fixed point = constant solution
neighboring initial conditions converge = attractor
dx/dt=f(x)

x

attractor
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Bifurcations are instabilities
In families of dynamical systems, which depend
(smoothly) on parameters, the solutions change
qualitatively at bifurcations
at which fixed points change stability

ẋ = ↵

x
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fixed point

dx/dt
positive
x
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negative
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stable
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Basic ideas of attractor dynamics
approach
behavioral variables
time courses from dynamical system:
attractors
tracking attractors
bifurcations for flexibility

3

2

Behavioral variables: example
obstacle

vehicle moving in
2D: heading
direction
obs

constraints:
obstacle avoidance
and target
acquisition

target

tar

arbitrary, but fixed
reference axis
robot

Behavioral dynamics: example
behavioral constraint: target acquisition
d /dt
target

vehicle

attractor

tar
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Behavioral dynamics: example
behavioral constraint: obstacle avoidance
d /dt

obstacle

obs

repellor
arbitrary, but fixed
reference axis
robot
obs
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Behavioral dynamics
d /dt

each constribution
is a “force-let” with

tar

specified value

specified value
strength
range

~strength
range
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Behavioral dynamics: bifurcations
constraints not in conflict

obstacle

target

obstacle

d dt
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Behavioral dynamics
constraints in conflict

obstacle

target

obstacle

d dt
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Behavioral dynamics
transition from “constraints not in conflict”
to “constraints in conflict” is a bifurcation
bifurcation
attractor
repellor
attractor

increasing distance
between obstacles
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In a stable state at all times
d dt

heading direction
target
obstacle
vehicle

d dt
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Obstacle avoidance: sub-symbolic
obstacles need not be segmented
do not care if obstacles are one or multiple:
avoid them anyway…
d /dt
obstacle

obs
obs

repellor
robot
obs
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φ̈ = −b φ̇ − k g (φ − ψg )(e−c1 dg + c2 )
! −c3 |φ−ψo | " −c4 do
(e
)
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repellor obstacle heading
nciple, additional obstacles in the environment
e included by simply adding terms to the equaThe model thus scales linearly with the complexWarren…]
the scene, and doesn’t [Fajen
blow up
in complicated
Figure 4 .

Plots of (a) goal angle term, (b) goal distance term, (c) obstacle angle term, and (d) obstacle distance term from

using a least-squares analysis, as the four parameters
were systematically varied. The best fit (r 2 = 0.982)
was found with parameter values of b = 3.25, k g =
7.50, c1 = 0.40, and c2 = 0.40. Using these settings,
the model produced paths to the goal that were virtually identical with human subjects (Fig. 5), turning at

model exhibits both a good quantitativ
fit to the human behavior observed i
and 2.
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model-experiment match: goal
Dynamical Model of Steering

experiment

(a)

model

(a)

(a)

(b)

(b)
Figure 2 .

(b)
Human trajectories for turning toward a goal in
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Figure 6.

Model trajectories in Simulation #1 (turning rate (φ̇) vs.

5

model-experiment match: obstacle
experiment

model

Dynamical Model of Steering
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Figure 7 . Paths produced by model around obstacles located at 4◦
and 3, 4 or 5 m in Simulation #2.

increases with obstacle angle, such that the function is
continuous and there is a repellor at an obstacle angle
of zero. Unlike the goal component, the obstacle influence decreases to zero as distance goes to infinity. When
parameterized to fit the human data, these two exponentials imply that only obstacles within ± 30 ◦ of the heading direction and less than 4 m ahead exert an appreciable influence on steering behavior. Note that the exponential terms introduce nonlinearity into the system.
Thus, the full model is:
φ̈ = −b φ̇ − k g (φ − ψg )(e−c1 dg + c2 )
!
"
+ ko (φ − ψo ) e−c3 |φ−ψo | (e−c4 do )
(a)

5

(4)

In principle, additional obstacles in the environment
(a)
can be included by simply adding terms to the equation. The model thus scales linearly with the complexity of the scene, and doesn’t blow up in complicated
environments (Large et al., 1999). Furthermore, only
obstacles near the heading direction and a few meters
ahead need to be evaluated, making the model computationally quite tractable. The agent therefore does not
need a memory representation of the entire scene; as
long as the goal location is available to the agent’s sensors, route selection is performed simply on the basis
of the obstacles within a small spatial window ahead.
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Figure 3 . Human trajectories for turning away from an obstacle
in Experiment 2 (turning rate (φ̇) vs. goal angle (φ − ψ g )). Curves

We simulated the model under a variety of conditions
(b) avoiding
to test its success in steering toward goals,
obstacles and selecting
The conditions
used for
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[Bicho, Schöner, 97]

Potential field approach
24

Fajen et al.
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(a)

in the direction of the local force, traverse a short linear segment, stop, reorient, etc. The details of the paths
resulting from this method would differ from those we
show here, but will be qualitatively similar.
Path 1 shows the trajectory generated by the potential
field method, and path 2 (which is almost a straight
line) that generated by the dynamical model. In this
simulation, the agent moved with a constant translation
speed of 0.5 m/s for both methods. Path 1 has a length of
7.55 meters and was traversed in 15.1 seconds, whereas
Path 2 was only 6.70 meters long and was traversed in
13.4 seconds. We also implemented the potential field
method in a research robot (RWI B21r indoor robot)
and we note that the software simulations closely reflect
the actual trajectories observed.
Figure 14 . A typical performance example. Large tick marks indiThe 3D plots in Fig. 15 represent
the artificial poten(b)
cate 1 m intervals.
tial field and the resultant force vectors for the example
Figure 15. (a) Artificial potential field inside the room and (b) and vector magnitudes.
scene. The top graph (Fig. 15(a)) shows the artificial
potential field and the middle graph
(Fig. 15(b)) shows
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Spaces for robotic motion planning
x = f(θ)

kinematic model

inverse kinematic model θ = f −1(x)
564

transform end-effector
to configuration space
through inverse
kinematics
problems of singularities
and multiple “leafs” of
inverse…

8/9

·
Author'
·x = J(θ)
θ
·
θ = J−1(θ)x·

C. Faubel, G. Schöner

Redundant kinematics

redundant arms/tasks:
more joints than tasklevel degrees of
freedom
=> (continuously) many
inverse solutions…

(x,y)
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Degree of freedom problem
in human movement
what is a DoF?

(x,y)

9

3

variable that can be
independently varied
e.g. joint angles

2

muscles/muscle groups
but: assess to which extent they
can be activated
x= l
independently…
.. mode picture

cos( 1) + l cos(
y= l sin( 1 ) + l sin(

1

) + l cos(
) + l sin(

)
)

Concept of the UnControlled Manifold
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(x,y)

q3

more flexed here

the many DoF are
coordinated such that
changes that affect the taskrelevant dimensions are
resisted against more than
changes that do not affect
task relevant dimension
leading to compensation

less flexed here

q1

q2

q3 [rad]
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2
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1.6

[Scholz, Schöner, EBR 126:289 (99)]
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UCM synergy: data analysis
!3 (rads)

A

align trials in time
hypothesis about task variable
compute null-space (tangent to
the UCM)
predict more variance within
null space than perpendicular to
it

)
s
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Figure 4. Depiction of hypothetical clouds of data points c
relationship to the UCMs depicted in Figure 3. In Figure 4
major axes of the ellipses is oriented parallel to the UCMs
0

0.2

Example : pointing with 10 DoF arm
at targets in 3D
task variable: hand movement
direction in space

UCM
orthog UCM
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Timing in nervous systems
external
perceptual
contribution
to timing

absolute
timing

coordination:
relative timing
external
mechanical
contribution
to timing

biomechanical
contribution to
timing
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Relative vs. absolute timing
activation
threshold

DT
T

relative timing
absolute timing

time

relative phase=DT/T
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10

alled limit cycle attractors. An example of a dynamical sys
Neural
oscillatorpair of variables is
ycle attractors of an
activation–inhibition

relaxation
oscillator

τu̇ ! "u # h u # w uu f (u) " w uv f (v)
τv̇ ! "v # h v # w vu f (u),

quations
first analyzed by
Amari (1977). The first two terms
u (solid), v (dashed)
u (solid), v (dashed)
cribe two linear uncoupled dynamical systems, each
with
[Amari
77]a sta
inhibition, h v . A sigmoi
esting levels of activation, h u , and oftime
time

v

1
,
f (u)v !
1 # exp["βu]

u
makes the system nonlinear
in terms ofu ‘‘self-excitation’’ (w uu )
(b)
(a)
ween activation
and inhibition
variables (w uv , w vu ). For approp

(Engbert et al., 1997; Pressing, 1999; Semjen et al., 2000) deal exp
pling, albeit within the framework of delay or functional dynamica

Coordination from coupling

3.2.

Dynamic Timing Models

10

activation

Coupling is the central
concept for understanding relative timing
coordination=stable
relative
timing models. Mathematically, two dynamic timers, (u 1 , v 1 ) and (u
timing
emerges from coupling
ally coupled if the dynamic variables of one timer contribute
time to the dy
of
neural
oscillators
of the
second
and vice versa. For the Amari oscillator model presen

(6) and (7)], for instance, a simple form of mutual coupling is genera
carrying the coefficient, c, in these equations:
d /dt = f( )

τu̇ 1 ! "u 1 # h u # w uu f (u 1 ) " w uv f (v 1 )
phase neutrally
stable

phase
stabilized
by coupling

τv̇ 1 ! "v 1 # h v # w vu f (u 1 ) # cf (u 2 )
τu̇ 2 ! "u 2 # h u # w uu f (u 2 ) " w uv f (v 2 )
τv̇ 2 ! "v 2 # h v # w vu f (u 2 ) # cf (u 1 )

These are only two out of a great variety of possible coupling terms. T
[Schöner: Timing, Clocks, and Dynamical Systems. Brain and Cognition 48:31-51 (2002)]

Dynamics Movement Primitives

(not relevant for exam)
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Note that there are other ways to define the matrix
Open-chain
manipulator
ij (θ, θ̇)θ̇j = Γijk θ̇j θ̇k . However, this particular cho
roperties which we shall later exploit.
(4.21) can now be rewritten as
M (θ)θ̈ + C(θ, θ̇)θ̇ + N (θ, θ̇) = τ

centrifugal/
active
inertial
gravitational
he vector
of actuator
torques
and
N
(θ,
θ̇)
includes
coriolis
torques

ther forces which act at the joints. This is a secon
ential equation for the motion of the manipulator as
applied joint torques. The matrices M and C, whic
nertial properties of the manipulator, have some im
hich we shall use in the sequel:

gn
a linear
on the
linearization of the system about an
zation
of controller
a systembased
locally
determines
#
"
n
n
perating
point.
Since
the
linearization
of
a
system
locally
determines
class
of
controllers
is
guaranteed
to
be
! ∂Mij
!
∂Mik is guaranteed
∂Mkj to be
1
he
stability
of
the
full
system,
this
class
of
controllers
+
−
θ̇k .
=it is possible
Γijk θ̇kto=prove global stability
cally stable. In many2situations, ∂θ
it is
possible
toj prove global
stability
∂θ
∂θ
k
i
onstruction
of a Lyapunov
function.
k=1
k=1
r a linear controller by explicit construction of a Lyapunov function.
hodology
is aofproportional
plus derivaAn example
this design methodology
is a proportional plus derivagenerate
joint
torques
that
produce
a
manipulator.
In
its
simplest
form,
a
PD
ve
(PD)
control
law
for
a
robot
manipulator.
In
its
simplest
form, a PD
matrix C the Coriolis matrix for the manipulator;
th
desired
motion…θd
ontrol law has
the form
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Control

s the Coriolis and centrifugal force terms in the eq
τ other
= −Kv ėways
−
Kp e,to define the matrix
(4.51)
Note
there
are
Kv ė −that
Kp e,PD
(4.51)
control
θ̇
.
However,
this
particular
cho
(θ,Kθ̇)
θ̇
=
Γ
θ̇
ij
j
ijk
j
k
here
and
K
are
positive
definite
matrices
and
e
=
θ
−
θ
.
Since
this
v
p
d
nite matrices
and e = θ − θd . Since this
where
roperties
which
we shall
later
exploit.
ontrol law has
no feedforward
term,
it can
never achieve exact tracking
m,
it
can
never
achieve
exact
tracking
r(4.21)
non-trivial
trajectories.
A common modification
is to add an intecan
now
be
rewritten
as
mmon modification is to add an inte-

ral term to eliminate steady-state errors. This introduces additional
te errors. This
introduces
omplications
since care
must be additional
taken to maintain stability and avoid
taken
maintain
tegratortowindup.
M
(θ)θ̈ +stability
C(θ, θ̇)and
θ̇ + avoid
N (θ, θ̇) = τ
Before adding a feedforward term, we first show that the PD controller
ves
asymptotic
setpoint
stabilization.
m, we
first show
that the
PD controller

˙

the benefits of feedbackby
control means
systems since the out
with state space X, system
canfor learning
be about
described
o
comes readily extend to multiloop systems.
Due to the increasing complexity of the system under control and the interest in
ut transformation,
namely
achieving optimum
performance, the importance of control system engineering has
Control
systems
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ẋ = f (t, x, u)
state of process, x

grown in the past decade. Furthermore, as the systems become more complex, the in
terrelationship of many controlled variables must be considered in the contro
scheme. A block diagram depicting a multivariable control system is shown in
Figure 1.6.
A common example of an open-loop control system is a microwave oven set t
operate for a fixed time. An example of a closed-loop control system is a person
steering an automobile (assuming his or her eyes are open) by looking at the auto's
location on the road and making the appropriate adjustments.
The introduction of feedback enables us to control a desired output and can im
prove accuracy, but it requires attention to the issue of stability of response.

y = η(t, x, u)

+

x = f (t, x, u)

output, y

Desired
output
response

Error
Comparison

y = η(t, x, u),
Controller

Actuator

Process

Actual
output

e to control
be understood
signal, u as evaluated at time t, and t ∈ IR i
reas t ∈ Z if the system is discrete-time. In what foll
control law:
mpactness, we also use the notation
4 L

1 i

i L

Sensor

Fcedbac k.

N/leasure ment output

FIGURE 1.6

Multivariable control system.

u as a function of y (or ^y), desired response, y_d

σx
=
f
(t,
x,
u)
y
=
η(t,
x,
u),
disturbances modeled stochastically

x if the system is continuous-time, and σx stands for x+
[Dorf, Bischop, 2011]

Human motor control
posture resists when pushed
=> is actively controlled =
stabilized by feedback

force applied

invariant characteristic
one lambda per muscle

antagonist

co-contraction controls stiffness

agonist

=>experiment

13

based on spinal
reflexes

13

stretch reflex

[Kandel, Schartz, Jessell, Fig. 37-11]

Exam
concepts:
multiple choice questions
free text discussion questions

dynamical systems concepts
graphically illustrating/interpreting dynamical systems
“mental simulation”

using dynamical systems concepts to
conceive of human/robotic behaviors

