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motor control

how are forces generated that move 
effectors? 

by muscles, obviously...

... and by gravity

... and by inertia... 



posture of the elbow 
joint with the arm in 
horizontal position 

motor control

Q



what about the elbow is “controlled”?

the elbow does not behave like a 
passive mechanical system with a free 
joint at the elbow: 

where J is inertial moment of forearm 
(if upper arm is held fixed) 

Instead, the elbow resists, when 
pushed => there is active control= 
stabilization of the joint 

J ✓̈ = 0 Q

=>experiment



Anatol Feldman 
has figured out, 
what the 
macroscopic 
description of this 
stabilization is

the invariant 
characteristic

the mass spring model 

Q

force applied

L�L�

L�L�



the mass-spring model

this is an elastic force (because it is 
proportional to position)

there is also a viscous component 
(resistance depends on joint velocity)

J ✓̈ = �k(✓��)�µ✓̇

active torques generated by the muscle



agonist-antagonist action

one lambda per 
muscle 

tested on muscles 
detached at one end 

co-contraction 
controls stiffness

Q

force applied

LL
agonist

antagonist

L�L�

LL



stiffness

the stiffness, k, can be 
measured from 
perturbations

the viscosity “mu” is 
more difficult to 
determine
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the simulated perturbation trials and the regression technique at movement end to levels comparable with those at the
onset of movement.described by Gomi and Kawato (1996) (see APPENDIX B),

we calculated joint stiffness and viscosity matrices for each Using the empirically derived joint-stiffness and viscosity
matrices, Gomi and Kawato (1996) compute a hypotheticalof the nine points in time at which perturbations were ap-

plied. equilibrium trajectory (see APPENDIX B). Their calculations
are based on the assumption that joint torques can be repre-Hand stiffness matrices were computed from the estimated

joint stiffness matrices R using the Jacobian transformation sented with the following linear equation
(see Gomi and Kawato 1995 for details) , and hand-stiffness

tin Å R(qeq 0 q) 0 Dqh (7)
ellipses were used to visualize limb stiffness at the hand.

where R and D are stiffness and viscosity matrices derivedFigure 2, top, shows hand-stiffness ellipses estimated during
from the perturbation procedure, tin are the calculated jointthe simulated movement. The size and orientation of the
torques (see APPENDIX B), qeq is the equilibrium trajectory,ellipses are comparable with those reported by Gomi and
and q and qg are the unperturbed movement position andKawato (1996), and likewise are larger than the correspond-
velocity, respectively.ing ellipses during statics (see Fig. 9) .
To show that the Gomi and Kawato (1996) results canFigure 2, bottom, shows the elements of the estimated

be predicted using simple control signals, we used their pro-joint-stiffness matrices for the arm model during movement.
cedure to compute a hypothetical equilibrium trajectory us-The terms of the joint-stiffness matrix, R, relate joint torques
ing the stiffness and viscosity estimates from our simula-at the shoulder due to shoulder motion (Rss ) , torques at the
tions. The trajectory that results from this calculation isshoulder due to elbow motion (Res ) , and so on. The basic
shown in Fig. 3. The top panel shows the equilibrium trajec-form of the matrices is similar to those reported by Gomi
tory used to generate the movement based on the l modeland Kawato (1996), even though the equilibrium trajectory
(rrr) , the simulated movement trajectory ( – – – ), and thewe used to generate the simulated movement was simple in
hypothetical equilibrium trajectory derived using Gomi andshape. At the beginning of movement onset the shoulder

term, Rss , increases sharply from Ç18 to Ç40 Nrm/rad, Kawato’s equations ( ) , plotted in hand space. Figure
3,middle, shows the horizontal components of these trajecto-then decreases in the middle of movement to Ç20 Nrm/

rad, increases again around movement end to 40 Nrm/rad, ries plotted against time, and Fig. 3, bottom, shows the tan-
gential velocities of the hand trajectories plotted againstand finally decreases after the end of movement to Ç15

Nrm/rad. The other three terms in the stiffness matrix follow time.
The hypothetical equilibrium trajectory computed usingroughly the same form but show a less pronounced decrease

in the middle of the movement. The elbow term, Ree increases Gomi and Kawato’s procedure is ‘‘complex’’ in shape and
does not resemble the simulated movement, which is smooth,from Ç5 Nrm/rad at movement start to 20–25 Nrm/rad

during movement, and the two double-joint terms, Rse and relatively straight and looks like the movements made by
subjects in the Gomi and Kawato (1996) study. Nor does itRes , increase from Ç2 Nrm/rad at movement start to Ç7–

10 Nrm/rad during movement. Ree , Res , and Rse all decrease resemble the equilibrium trajectory that was used to generate
the movement—the equilibrium trajectory used in the simu-
lations is a simple constant-rate monotonic shift from one
position to another. Gomi and Kawato’s hypothetical equi-
librium trajectory first leads then lags the simulated move-
ment. The tangential velocity of the hypothetical equilibrium
trajectory has multiple peaks and does not resemble the ve-
locity profile of the simulated movement, which is smooth
and bell-shaped. We suggest that the discrepancy between
the equilibrium trajectory based on the l model and the
trajectory computed using Gomi and Kawato’s equations
arises from their use of a simplified model of force-genera-
tion (see DISCUSSION).
A number of additional points should be noted. Direct

estimates of joint viscosity are not provided by Gomi and
Kawato (1996). However, the present estimates correspond
to values reported elsewhere. Specifically, the simulated esti-
mates of joint viscosity have maximum values of Ç2.5–3.0
Nms/rad, which is in the range of 5–7% of corresponding
maximum joint stiffness. This is comparable with the rela-
tion between joint viscosity and stiffness during cyclical one-
joint movements (Bennett et al. 1992) and with values for
multijoint stiffness and viscosity in statics (Gomi and Osu
1996; Tsuji et al. 1995). It also should be noted that the
simulations reported above have been based on constant-rate

FIG. 2. Simulated hand-stiffness ellipses and joint-stiffness matrices for
shifts in the hand equilibrium position. We also have carried

the arm model during multijoint movement. Constant-rate equilibrium shifts
out these simulations using constant-rate shifts in l space.and constant cocontraction commands were used to produce the simulated

movements. The time-varying form and the magnitudes of joint-stiffness
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neural basis of EP model: 
spinal reflex loops

alpha-
gamma 
reflex loop 
generates 
the stretch 
reflex

[Kandel, Schartz, Jessell, Fig. 37-11]



spinal cord: reflex loops

the stretch reflex acts as a negative feedback loop

37-12

[Kandel, Schartz, Jessell, Fig. 31-12]



spinal cord: coordination

Ia inhibitory interneuron 
mediates reciprocal 
innervation in stretch 
reflex, leading to 
automatic relaxation of 
antagonist on activation 
of agonist

[Kandel, Schartz, Jessell, Fig. 38-2]



spinal cord: synergies

Renshaw cells 
produce recurrent 
inhibition, regulating 
total activation in local 
pool of muscles 
(synergy)

[Kandel, Schartz, Jessell, Fig. 38-3]



Posture

muscle-joint systems have an equilibrium point during 
posture that is stable against transient perturbation 

joint angle, Q

force

L�

L�

equilibrium
point



Movement entails change of 
posture

that equilibrium point is shifted during movement so 
that after the movement, the postural state exists 
around a new combination of muscle lengths/joint 
configurations

joint angle, Q

force

L�

L�

equilibrium
point



Movement entails change of 
posture

most models account for movement in terms of 
generation of joint torques….

=> the shift of the EP is the single most overlooked fact 
in control models of movement generation 

joint angle, Q

force

L�

L�

equilibrium
point



Does the “motor command” 
specify force/torque?

no! Because the same descendent neural command 
generates different levels of force depending on the 
initial length of 

joint angle, Q

force

L�

L�

equilibrium
point



Virtual trajectory

shifting the equilibrium point is necessary, but is it also 
sufficient? 

first answer: yes… simple ramp-like trajectories of the “r” 
command (“virtual trajectories”) shift the equilibrium 
point smoothly in time… 

joint angle, Q

force

L�

L�

equilibrium
point



time continuous shift of the 
equilibrium point

during movement 
an external torque 
moves a joint  to 
the target position

in the deafferented 
animal, the joint 
returns to the 
“virtual trajectory”
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Figure 5. Forearm movements with an assisting torque pulse in an intact animal. The upper trace shows arm position with an elbow angle of 
90” at the midpoint of the scale; the lower truce shows flexor (biceps) EMG. The bar beneath the position trace indicates duration of the torque 
pulse. A, Control movement without a torque pulse. B and C, Two movements with torque pulses. The arm reached the target position early in 
the movement, transiently returned to an intermediate position, and then moved back to the target position. Note the unloading reflex in the 
EMG trace. Fix, flexion; Ext, extension. Position scale representing angular excursion = 60”. 

al., 1982). For example, in contrast to the arm, the posture of 
the distal phalange of the thumb is insensitive to the orientation 
of the hand in the gravitational field (even when the muscles 
are relaxed). Indeed, the mechanical conditions of the thumb 
more closely resemble those of the eye than of the hand. It is 
then entirely possible that in these situations, different control 
schemes may be operative. 

Critique of the hypothesis of “final position control”: Theoret- 
ical considerations. According to the hypothesis of “final posi- 
tion control,” we would expect the steady-state equilibrium 
position to be achieved after a delay due to the dynamics of 
muscle activation; i.e., twitch contraction time. To estimate 
this dynamic effect, we made the worst theoretical case as- 
sumption that all of the motor units recruited have a twitch 
contraction time corresponding to the mean value of 50 msec 
(Buchthal and Schmalbruch, 1970; Collatos et al., 1977). A 
simple summation of these twitches (corresponding to the 
summation of motor unit tensions in the tendon) yields a net 
muscle force which rises to within a few percent of the final 
value within 200 msec (Hogan, 1984). 

Experimental results. We found that, for a 60” movement 
lasting 600 msec or more, the torque produced by the alpha 
motoneuronal activity did not reach steady state until 400 msec 
or more had elapsed after the onset of action potentials in the 
muscle. This was clearly seen when a target was presented and 
the torque motor used in a servo mode held the arm at the 
initial position for various durations (Fig. 3). The initial accel- 
eration after release of the arm increased gradually with the 
duration of the holding period, reaching a steady-state value 
no sooner than 400 msec after the onset of EMG activity (Fig. 
3). Equivalently, the torque generated in response to alpha 
motoneuronal activity during the holding period at the initial 
position increased gradually with time, reaching a peak for 60” 
movements at 488 msec (average value) after the onset of EMG 

activity (Fig. 4, Table I). Taken together, these results show 
that the CNS had programmed a slow, gradual shift of the 
equilibrium point, a fact which is not consistent with the “final 
position control” hypothesis. 

Our findings when the forearm was quickly forced to the 
target position by an assisting torque pulse applied at the 
beginning of the movement (normal animals), or when it was 
moved to the target position under servo control and then 
released from that position after the onset of EMG activity 
(deafferented animals), were also inconsistent with the hypoth- 
esis of final position control. In the first case, the forearm 
returned to a point between the initial and final target positions 
before proceeding to the endpoint. Because the animal was 
intact, one could argue that the return movements could be due 
to reflex activation of the muscles stretched by the action of 
the assisting pulse combined with the unloading of the agonist 
(see Fig. 5). Given this situation, we performed, in the deaffer- 
ented animal, the experiment described as “holding action” in 
the target position. Again, we observed that the forearm re- 
turned to a point halfway, but in this case the agonist muscle 
unmodulated by the action of reflexes was active throughout 
the to and fro motion shown in Figure 6. These observations 
suggest that the alpha motoneuronal activity specifies not only 
a position for the forearm at equilibrium, as previously shown 
(Polit and Bizzi, 1979), but also a series of equivalent equilib- 
rium positions throughout the movement. If the muscles merely 
generated force during the transient phase of a movement, we 
would not have seen the pronounced return motion of the limb 
during flexor muscle activity (Fig. 6). However, it is well known 
that the force generated by a muscle is a function of its length 
and that the torque generated by a group of muscles is a 
function of the angles of the corresponding joints. As a direct 
result of this position dependence, the alpha activities of the 
muscles can always be interpreted as specifying an equilibrium 

[from Bizzi et al., J. Neurophys. 1984]

torque



This view of movement generation is “quasi-
static”: the effector “tracks” the attractor that is 
shifted by the virtual trajectory

This seems to trivialize the “optimal control” 
problem = generating the right time course of 
motor commands so that the effector arrives at 
the target in the desired time with zero velocity 
(and has some desired smooth temporal shape).

Virtual trajectory



But

is this simplification of movement generation as 
a “quasi-postural” system feasible for fast 
movements given the relatively soft muscles, the 
time delays involved in generating torque from 
muscles, etc. ? 

the strong time delay between the command and the 
movement is a hint that this needs investigation



Shifting the equilibrium point is 
necessary, but is it also sufficient?

first answer: yes => 

simple ramp-like trajectories of the “r” command 
(“virtual trajectories”) shift the equilibrium point 
smoothly in time… 



Pilon, Feldman, 2006

first answer: yes… simple ramp-like trajectories of the “r” 
command (“virtual trajectories”) shift the equilibrium point 
smoothly in time… 

e.g. Pilon, Feldman, 2006

they are applied before the onset (Fig. 6a, b) or after the
offset of fast movement (c, d).

In all simulations shown in Figs. 4, 5 and 6, EMD=0
was used. Figure 7 shows the effect of EMD that ini-
tially was 40 ms but gradually (with time constant of
100 ms) decreased to 10 ms after the onset of muscle
activation. Thus, the electromechanical delay influences
the latency, rather than stability of posture and move-
ment.

Discussion

Threshold control is a multifaceted phenomenon that
seems to play a major role in the control of posture and
movement, expediently solves the problem of the rela-
tionship between these two components of motor ac-
tions, and is essential in the organization and
modification of spatial frames of reference in which
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Fig. 5 When threshold control is accomplished in the presence of
intrinsic muscle elasticity (j>0) the system remains stable for
delays as high as 100 ms. a, b Simulated (solid lines) and
experimental fast movements (dotted lines) practically match each
other, as estimated by correlation coefficient (Rc

2). The movement
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in (a) and a small overshoot is present in (b). c With delay of
100 ms, the simulated kinematic patterns are still in the range of
those characteristic of natural elbow movements. d Delays higher
than 100 ms produce atypical movement patterns characterized by
long-lasting terminal oscillations
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Shifting the equilibrium point is 
necessary, but is it also sufficient?

such simple ramp-like trajectories of the “r” 
command (“virtual trajectories”) will be 
sufficient when movements

are sufficiently slow

interaction torques/mechanical conditions unchallenging 

but is this generally true? 



Limit case: velocity dependent force field 

after adapting to a velocity dependent force field the 
hand reproduces the “natural” path, but must generate 
compensatory forces on the way

3210 Shadmehr and Mussa-lvaldi * Representation of a Learned Motor Task 

left workspace right workspace 

Figure2. Configurations of a model two-joint arm, representing typical 
kinematics of the human arm, at two workspace locations where reach- 
ing movements were performed. Typical shoulder and elbow angles at 
these two workspaces were 15” and 100” at right and 60” and 145” at 
left, using coordinates defined in Figure 1. 

domly chosen from the set (O”, 45”,. . ., 315”) and at a distance of 10 
cm was presented. After the subject had moved to the target, the next 
target, again chosen at a random direction and at 10 cm, was presented. 
A target set consisted of 250 such sequential reaching movements. All 
targets were kept with in the confines of the 15 x 15 cm workspace. 
The targets represented a pseudorandom walk. 

In some cases, the manipulandum was programmed to produce forces 
on the hand of the subject as the subject performed reaching movements. 
These forces, indicated by the vectorf, were computed as a function of 
the velocity of the hand: 

f= B%, (1) 
where X was the hand velocity vector, and B was a constant matrix 
representing viscosity of the imposed environment in end-point coor- 
dinates. In particular, we chose B to be 

B= -10.1 -11.2 
-11.2 11.1 1 N. set/m. 

Using this matrix, the forces defined by Equation 1 may be shown as 
a field over the space of hand velocities (Fig. 3A). For example, as a 
subject made reaching movements in this field, the manipulandum pro- 
duced forces shown in Figure 3B (here we have assumed that the move- 
ments are minimum jerk, as specified by Flash and Hogan, 1985, with 
a period of 0.5 set). 

Note that in the field defined by Equation 1, forces that act on the 
hand are invariant to the location ofthe workspace in which a movement 
is done; that is, the forces are identical in the left and right workspaces 
of Figure 2. Therefore, we say that the force field defined in Equation 
1 is translation invariant in end-point coordinates. 

In some cases, a different kind of a force field was produced by the 
manipulandum, one that was not translation invariant in end-point 
coordinates. This field was represented as a function of the velocity of 
the subject’s shoulder and elbow joints during the reaching movements: 

1= wq, (2) 
where 7 was the torque vector acting on the subject’s shoulder and elbow 
joints, 4 was the subject’s joint angular velocity, and W was a constant 
matrix representing viscosity of the imposed environment in joint co- 
ordinates of the subject. We say that the field described by Equation 2 
is translation invariant in joint coordinates. Indeed, note that the torque 
field in Equation 2 is equivalent to the following force field (i.e., forces 
acting on the hand): 

f= (JW-’ w  43 (3) 
where J(q) = dx/aq is the configuration-dependent Jacobian of the con- 
figuration mapping from q to x, and the superscript T indicates the 
transpose operation. Because the Jacobian changes as a function of the 
angular position of the limb,fvaries depending on the workspace where 
a reaching movement is performed. In particular, we chose W so that 
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Figure 3. An environment as described by the force field in Equation 
1. A, The force field. B, Forces acting on the hand during simulated 
center-out reaching movements. Movements are simulated as being 
minimum jerk with a period of 0.5 set and amplitude of 10 cm. 

the force field that resulted from Equation 3 at the right workspace was 
almost identical to the field produced by Equation 1. To accomplish 
this, the matrix W was calculated for each subject as 

W = J;BJo, 
where J,, is the Jacobian evaluated at the center of the right workspace. 
For a typical subject, we derived the following W matrix: 

IV= [i:zi -~:~:]N.m~sec/rad 

When the above joint-viscosity matrix was used to define an environ- 
ment, the resulting force field depended upon the position of the work- 
space where movements were being made. At the right workspace, this 
field (Eq. 3) was almost identical to that produced by Equation 1 (a 
correlation coefficient of0.99; see Appendix). However, at the left work- 
space, the forces produced by Equation 3 were substantially uncorrelated 
(nearly orthogonal) to that of Equation 1. The force field produced by 
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Figure 6. Typical hand trajectories at the right workspace in a null 
force field during no-visual feedback conditions. Dots are 10 msec apart. 

centripetal forces that make up the G matrix can be derived from the 
inertia tensor; cf. Slotine and Li, 199 1, p 400). For example, the dif- 
ferential equation describing the dynamics of the arm and the controller 
for movements in the force field of Equation 1 were 

kd 4 + G(a 4) + JW B J(q) 4 = C(a 4. t). (11) 
where Cis defined in Equation 9. Values for joint stiffness and viscosity 
(K and IJ’) were chosen based on measurements of Mussa-Ivaldi et al. 
(1985) and Tsuji and Goto (1994). The desired trajectory q*(t) was 
assumed to be minimum jerk in hand-based coordinates lasting 0.65 
sec. Values used for these variables are summarized in Table 1. 

Results 
Reaching movements were made while the hand interacted with 
a mechanical environment. This environment was a program- 
mable force field implemented by a light-weight robot mani- 
pulandum whose end-effector the subject grasped while making 
reaching movements. When the manipulandum was producing 
a force field, there were forces that acted on the hand as it made 
a movement, changing the dynamics of the arm. When the 
manipulandum’s motors were turned off, we say that the hand 
was moving in a “null field.” 

Hand trajectories before adaptation 
Our first objective was to determine how an unanticipated ve- 
locity-dependent field affected the execution of reaching move- 
ments. The forces in the field (e.g., Eq. 1, as shown in Fig. 3.4) 
vanished when the hand was at rest, that is, at the beginning 
and at the end of the movement. However, as shown in Figure 
4B, a significant force was exerted midway, when the hand 
velocity was near maximum. How would this force influence 
the execution of a movement? Would subjects follow a pre- 
planned trajectory that was scarcely influenced by this pertur- 
bation or would they modify the movement and the final po- 
sition in response to the perturbing force? To answer this question, 
we compared reaching movements in the null field with those 
in a force field. Trajectories in the null field are shown in Figure 
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Figure 7. Performance during initial exposure to a force field. Shown 
are hand trajectories to targets at the right workspace while moving in 
the force field shown in Figure 3. Movements originate at the center. 
All trajectories shown are under no-visual feedback condition. Dots are 
10 msec apart. 

6. As observed in previous reports (Morasso, 1981; Flash and 
Hogan, 1985), the hand path was essentially along a straight 
line to the target. The velocity profile (see Fig. 1OA) had one 
peak, with approximately equal times spent to accelerate and 
decelerate the hand. 

Once our subjects were familiar with the task of reaching 
within the null field, we began to introduce a force field in 
random trials. Note that subjects could not anticipate the pres- 
ence of the field before the onset of the movement because the 
force field was not effective when the hand was at rest and no 
other clues were available. Furthermore, during the movement, 
the cursor indicating hand position was blanked, eliminating 
visual feedback. Figure 7 shows the hand trajectories ofa typical 
subject when the movements were executed under the influence 
of the field shown in Figure 3A (Fig. 10B shows the tangential 
velocity of hand trajectories in this field). This field was designed 
to have opposing effects along two directions. At approximately 
30” and 210” the field produced resisting forces that opposed 
movement as a viscous fluid would do. At approximately 120” 
and 300” the forces assisted the movement, thus producing a 
destabilizing effect. 

Note that the effect of the field on the hand trajectory was 
quite significant and may be divided into two parts. In the first 
part, the hand was driven off course by the field and forced 
toward the unstable direction of the field. Movements to targets 
at o”, 225”, 270”, and 3 15” are pulled toward the unstable region 
at 300”, while movements to the remaining targets are pulled 
toward the unstable region at 120”. At the end of this first part, 
the field had caused the hand to veer off the direction of the 
target and the hand decelerated and stopped before making a 
second movement to the target. The pictorial effect of these two 
parts of the hand trajectory appeared as a “hook” that was 
oriented either clockwise or counterclockwise. The orientation 
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a reaching movement, with practice the subjects tended to con- 
verge upon this straight-line trajectory. This recovery of the 
original unperturbed response constitutes a clear example of an 
adaptive behavior. 

Further evidence of motor adaptation is offered by the sig- 
nificant change that occurred in the hand velocity profile at the 
onset of exposure to the force field, and after completion of the 
practice trials. Figure 10A shows the hand tangential velocity 
traces obtained when the hand was moving in a null field (cor- 
responding to the hand position traces of Fig. 6). Consistent 
with previous studies (cf. Flash and Hogan, 1985) these velocity 
traces are approximately along straight lines and symmetric in 
time. The hand velocity traces at the initial stage of practice in 
the force field (corresponding to the hand position traces of Fig. 
7) are shown in Figure 1 OB. In Figure 1 OC we have the velocity 
traces near the end of the practice trials (corresponding to the 
hand position traces of Fig. 9D). Although the average velocity 
of the hand trajectory is now larger (as compared to Fig. lOA), 
the velocity trace for each target has essentially the same pattern 
as that observed for movements in a null field. 

practiced in the force field. This comparison was made through 
computation of a correlation coefficient between pairs of tra- 
jectories (see Appendix). We found that the average correlation 
between a trajectory in the null field and one in the force field 
increased with the amount of practice movements performed 
by the subject in the force field. The computed correlation co- 
efficients for trajectories performed by all subjects are shown in 
Figure 11. Remarkably, all the subjects displayed a strictly 
monotonic evolution of the correlation coefficient. 

Our subjects did not seem to be aware of the process of ad- 
aptation and of the change in their performance. The only sub- 
jective indication that some adaptive change had occurred was 
given by a reduction in the sense of effort associated with the 
task: during the first batch of 250 movements within the force 
field, some subjects reported an intense sense of effort. Para- 
doxically, this sense of effort diminished drastically after about 
500 movements. At the end of the training period many com- 
mented that they were “not feeling” the field anymore. 

Aftereffects 
In order to quantify the time course of adaptation, we studied One way-although by no means the only way-for the subjects 

how the hand trajectories evolved as compared to those ob- to recover the initial motor performance (what we have called 
served in the null field. For each subject, we compared the the desired trajectory) after the exposure to the test field was by 
trajectories in the null field to those obtained as the subject developing an internal model of this field. This internal model 
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the force field of Figure 3: performance 
plotted during the first (A), second (B), 
third (C), and final (D) 250 targets. All 

5cm 
trajectories shown are under no-visual 
feedback condition. 
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Shifting the equilibrium point is 
necessary, but is it also sufficient?

=> r-command must still shift from initial to final 
posture, but must also generate the forces to 
compensate for the force field during the 
movement 

that probably takes the form of non-monotonic, 
“complex” time courses… 

are such temporally complex (e.g,. non-monotonic) 
r-commands necessary during unperturbed 
movement

=> Poster of Rachid Ramadan



two joint limb with 6 muscles

= 2 pairs of mono-articulatory m.

+ 1 pair of bi-articulatory m.
BIARTICULAR MUSCLES

MONOARTICULAR SHOULDER
JOINT MUSCLES

MONOARTICULAR ELBOW
JOINT MUSCLES

ENDEFFECTOR

Figure 3.1: Schematic sketch of the arm model. The model comprises a two joint
arm with two monoarticular elbow joint muscles (red), two monoarticular shoul-
der muscles (blue) and two biarticular muscles that span elbow and shoulder joint
(black).

3.1.1 Modeling of Muscle Lengths

In general, muscles span along joints and stretch or contract to change the angle-
configuration and thus induce a movement. Thus, the muscles resting length and
the angle configuration determine the actual length of a muscle. We modeled the
muscle length l as a first-order polynomial depending on the elbow and the shoulder
angle ✓e and ✓s :

li = ci + c
0
i,s✓s + c

0
i,e✓e i 2 [1, 6]. (3.1)

The values for ci and c
0
i indicate the resting length and the moment arms of the

corresponding muscles and can be found in table 3.1. The resting lengths are taken
from [Winters andWoo] and the moment arms from [Kistemaker et al., 2006]. Equa-
tion 3.1 is a slightly simplified version of the second order polynomial introduced in
[Kistemaker et al., 2006]. The simplification is reasonable, because within the range
of the reproduced movements, the appearing e↵ects are negligible. Corresponding
to table 3.1, the velocity of muscle lengthening and shortening is

l̇i = ci + c
0
i,s✓̇2 + c

0
i,e✓̇1 i[1, 6]. (3.2)
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Neuro-muscular 
model based on 
Gribble, Ostry et al., 
98… consistent 
with EP hypothesis 

2.2.1 Gribble’s muscle model
In this thesis I will use the muscle model described in [Gribble et al., 1998]
with a few alterations which will be explained in the third chapter. Gribble’s
model of force generation takes into account muscle length, the dependence of
force on velocity of muscle lengthening, graded force development and passive
stiffness. How these components work together is shown in figure 2.2. The
graphic shows that the resulting muscle force has three input variables, the
central command, which consists of the descending R- and C-commands, the
muscle length l and the rate of change of length, which is the velocity of
muscle lengthening l̇. The calculations of the individual boxes are given in
the formulas of the muscle model below.

The parameters of Gribbles model are listed in table 2.1 and 2.2. Table
2.1 lists all parameters that Gribble that are the same for all muscles and
are not changed in our monoarticular new model. In the tables 2.2 and 2.3
the muscle specific constants from Gribble and our monoarticular model are
listed.

Most of the model parameters are empirical measurements of muscle prop-
erties from former studies or scaled and fitted estimates from empirical data.
To ensure the validity of the parameters Gribble included a sensitivity anal-
ysis of all parameters with respect to stiffness and viscosity. The parameters
µ and ⌧ , which both alter the damping of the system are set to values that
achieve a critically damped system. The parameter µ from equation 2.4 can
be chosen more freely than other parameters as it can be set by the central
nervous system [Feldman et al., 1990], while the cutoff-frequency ⌧ of the
calcium filter of equation 2.7 is chosen to produce a model behaviour that
fits empirical results.

Figure 2.2: The mechanism of force generation as used by Gribble. Each
box represents one equation of the msucle model. Picture taken from
[Gribble et al., 1998]
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muscle moment arm at moment arm at length
shoulder (in m) elbow (in m) (in m)

monoarticular elbow flexor 0.000 -0.014 0.287
monoarticular elbow extensor 0.000 0.025 0.246
monoarticular shoulder flexor -0.030 0.000 0.216
monoarticular shoulder extensor 0.030 0.000 0.191
biarticular flexor -0.030 -0.016 0.333
biarticular extensor 0.030 0.030 0.312

Table 3.1: Moment arms of the muscles which were used in the model. The values
were taken from [Kistemaker et al., 2006]

upper arm lower arm
length (in m) 0.3348 0.2628
mass (in Kg) 2.1 1.2
inertia (in Nm) 0.0244 0.0076

Table 3.2: Biomechanical parameters of the body [Winters et al., 2012].

3.1.2 Generation of Muscle Force

Each of the six muscles is modeled separately and in the following way: The activa-
tion of a muscle is proportional to the length di↵erence between the actual muscle
length li and the length of the descending signal �i. Furthermore it is proportional
to the rate of length change l̇i of the muscle.

Ai = [li � �i + µ · l̇i]+ (3.3)

with

[x]+ =

(
x, if x > 0

0, if x  0
.

The parameter µ relates the muscles threshold length to its velocity and is a damp-
ing factor representing the strength of proprioceptive feedback.

The actual force of a muscle M̃i is approximated by an exponential function

M̃i = ⇢i · (esAi � 1). (3.4)

The factor s is constant for all muscles and is estimated from empirical data of the
cat’s gastrocnemius muscle [Feldman and Orlovsky, 1972]. The factor ⇢i represents
the muscles ability of force-generation and is assumed to vary in proportion to the
physiological cross-sectional area (PCSA). Thus, every muscle has its individual ⇢
value [Winters et al., 2012]. The exponential relation between muscle force and mus-
cle activation with constant s and ⇢ values is shown in [Feldman and Orlovsky, 1972].
The used values of s and ⇢ can be found in table 3.3. The computation of the ⇢

values from the corresponding PCSA was realized by scaling the PCSA by a factor
of 1 N cm�2.
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muscle PCSA
(in cm2)

⇢1 2.10
⇢2 4.52
⇢3 4.52
⇢4 3.87
⇢5 1.29
⇢6 3.87

Table 3.3: PCSA of the six modeled muscle groups. The ability of force generation
can be calculated by multiplying the PCSA with N cm�2. The values are taken from
[Winters et al., 2012]

The Calcium kinetics acts like a low pass filter on the muscle force development
[Gribble et al., 1998] and is thus modeled by a critically damped second order low
pass filter with a single parameter ⌧ :

⌧
2
M̈ + 2⌧Ṁ +M = M̃ (3.5)

Here, M̃i is the actual muscle force obtained in equation 3.4 and Mi is the graded
muscle force. The value for ⌧ is taken from [Gribble et al., 1998] and chosen such
that the response of the muscle corresponds to the empirical findings. The value of
⌧ can be found in table 3.4.
There is strong evidence for a sigmoidal relation between muscle force and muscle
lengthening and shortening [Joyce et al., 1969]. Furthermore we assume a passive
force linearly depending on the di↵erence between the actual muscle length and the
resting length ci of the muscle. The resulting force Fi yields:

Fi = Mi[(f1 + f2 · arctan(f3 + f4 · l̇i)] + k(li � ci). (3.6)

Mi is the graded force from equation 3.5. The factors f1, f2, f3, f4 and k are taken
from [Gribble et al., 1998] and then adjusted such that they reproduce the results
of [Gribble et al., 1998]. The adjusted parameters can be found in table 3.4.

Parameter Value
f1, - 0.82
f2, - 0.57
f3, - 0.43

f4, s/m 58
⌧ , s 0.015
k, - 17.35

c, 1/m 112

Table 3.4: The parameters were taken from [Gribble et al., 1998] and adjusted such
that the results of [Gribble et al., 1998] are reproduced.
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Biomechanical 
dynamics…  
standard…

The passive force FR = k(l � r) added to the resulting force is assumed
to be linearly dependent on the difference between the current muscle length
l and the muscle resting length lr, which is the length to which the muscle
relaxes in absence of external forces. The passive force is shown figure 2.7,
where can be seen that over the course of movement the passive force does
not change more than 5 N and remains constant for the elbow muscles.
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Figure 2.7: The passive force FR is plotted against the time for a simple
point-to-point movement. Note that the passive force of the elbow muscles
are constant, while the force of the shoulder muscles changes gradually during
the ramp duration with delay of approximately 0.1 sec

To model arm movement the muscle force is used to calculate the torque
at each joint, which can then be integrated to derive the new arm position.

T = �H · F (2.9)

with H defined as

H =
@l

@✓
=

✓
@l

@✓1

@l

@✓2

◆
(2.10)

The torque T is defined as the cross product of the moment arm H, which
is listed in table 2.4 and the force F . The in table 2.4 listed moment arms
are constant for the monoarticular model, as the calculation of the muscle
length is simplified to equation 2.19 and the joint angles thus are lost in the
differentiation of the muscle length in equation 2.10.
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shoulder moment arm [m] elbow moment arm [m]
Gribble constant level arm Gribble constant level arm

mef -0.03 ·0.2 -0.014 - 0.0079202 ✓2 -0.02
mee 0.03 ·0.2 0.025 -0.0043202 ✓2 0.02
msf -0.03 -0.03 -0.023 ·0.2
mse 0.03 0.03 0.023 ·0.2
bef -0.03 -0.016 - 0.01146 ✓2
bee 0.03 0.03 - 0.00636 ✓2

Table 2.4: Muscle moment arm H for the six lumped muscles.

In the equation of motion the torque is used to calculate the acceleration
✓̈ from the external torque, which is here set to zero, the coriolis force C and
the inertia matrix I [Gomi and Kawato, 1996].

✓̈ = I�1(T � Text � C ✓̇) (2.11)

The Coriolis force is a force that acts in a direction perpendicular to the
rotation axis, which is the axis aligned with the arm in this case. The Coriolis
matrix combines the centrifugal and centripetal forces that act on the joint
and is calculated from the arm constants (center of mass, segment length and
segment mass) and the joint angles, thus changing with the position of the
arm [Zatsiorsky, 2002]. The magnitude of the Coriolis forces does not exceed
0.06 N and is thus small in comparison to the force of the muscles.

The angles of the arm are calculated by numerically integrating (see sec-
tion 2.2.2) the acceleration of the joints ✓̈ and then transferred to end-effector
space as

x = cos(✓1) · l1 + cos(✓1 + ✓2) · l2 (2.12)
y = sin(✓1) · l1 + sin(✓1 + ✓2) · l2 (2.13)

2.2.2 Numerical Integration
The integration of M̃ in the calcium filter and ✓̈ in the equation of motion
can be done with different numerical methods. Both equations are delayed
differential equations of second order and can thus be rewritten as a system
of differential equations, as done for the equation of motion from equation
2.11 in 2.14.

ẏ1 = y2

y2 = ✓̈ (2.14)
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back to muscle: 

BIARTICULAR MUSCLES

MONOARTICULAR SHOULDER
JOINT MUSCLES

MONOARTICULAR ELBOW
JOINT MUSCLES

ENDEFFECTOR

Figure 3.1: Schematic sketch of the arm model. The model comprises a two joint
arm with two monoarticular elbow joint muscles (red), two monoarticular shoul-
der muscles (blue) and two biarticular muscles that span elbow and shoulder joint
(black).

3.1.1 Modeling of Muscle Lengths

In general, muscles span along joints and stretch or contract to change the angle-
configuration and thus induce a movement. Thus, the muscles resting length and
the angle configuration determine the actual length of a muscle. We modeled the
muscle length l as a first-order polynomial depending on the elbow and the shoulder
angle ✓e and ✓s :

li = ci + c
0
i,s✓s + c

0
i,e✓e i 2 [1, 6]. (3.1)

The values for ci and c
0
i indicate the resting length and the moment arms of the

corresponding muscles and can be found in table 3.1. The resting lengths are taken
from [Winters andWoo] and the moment arms from [Kistemaker et al., 2006]. Equa-
tion 3.1 is a slightly simplified version of the second order polynomial introduced in
[Kistemaker et al., 2006]. The simplification is reasonable, because within the range
of the reproduced movements, the appearing e↵ects are negligible. Corresponding
to table 3.1, the velocity of muscle lengthening and shortening is

l̇i = ci + c
0
i,s✓̇2 + c

0
i,e✓̇1 i[1, 6]. (3.2)
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determine the “minimal” motor command that 
changes all lamda’s the least possible:  

do not determine the graded force of each muscle but limits the space of possible
combinations of the individual muscles.
The second class of boundary conditions are the upper and lower bounds on the
state vector. To produce realistic movements, joint angle and joint angle velocity
are restricted to a biologically plausible range:

~✓(t) < ~✓max,

~̇✓(t) < ~̇✓max.

(3.19)

This not only prevents unrealistic angles and angle velocities but also unrealistic
muscle lengths, length changes and hence forces.
The third class of boundary conditions are upper and lower bounds for the control
signals ~�. Within the given model, control signals are defined as equilibrium muscle
length and should therefore always have positive values. In addition equation 3.3
shows that if the activation A is zero, a growing ~� does not have an e↵ect on the
activation. Thus, upper and lower bounds for ~� were introduced:

�min  ~�(t)  �max t 2 [t0, tf ]. (3.20)

The listed boundary conditions constrain the state-vector ~X(t) such that the an
end-e↵ector moves from an start state ~X0 to a predefined target state ~Xf within
biomechanical limits.
However, there is an infinite number of control sequences ~�(t) and resulting state
trajectories ~X(t) that fulfill the boundary conditions. Empirical studies show that
movements mostly occur in a similar way [Morasso, 1981]. This suggests that the
CNS systematically choses one of the possible movement trajectories. Since we state
that the choice of the control sequence ~�(t) is the result of an evolutionary optimiza-
tion with respect to a biologically relevant optimization criterion, the question of
an reasonable optimization criterion arises. Natural movements tend to produce
smooth characteristics in path, velocity and acceleration [Morasso, 1981]. Further-
more, we assume that evolution favors to generate simple signals. We choose the
minimization of the rate of change of the control signal as the optimization criterion:

min
~�
 (~�) =

Z tf

0

~̇�(t)2 dt. (3.21)

A decreasing rate of change ~̇�(t) causes smoother ~�(t)s since it penalizes strong
changes in the control trajectories. Within the treated model, muscle length time-
courses are the damped manifestation of the descending signals. Smooth control
signals provide smooth muscle length changes and generate smooth movements as
a result.
Dynamic equations, boundary conditions and optimization criterion together define
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given that the EP shifts: with boundary conditions

and define the time integration of the ODE-system as the state vector ~X:

~X =

0

BBB@

~M

~̇M

~✓

~̇✓

1

CCCA
. (3.12)

Here, ~M contains the six graded forces due to the Calcium kinetics and ~̇M the cor-

responding rates of change. ~̇✓ and ~✓ stand for the angle velocity and the angle of the
two joints. Both are two-dimensional vectors each. Thus, the state vector ~X is a
16-dimensional vector including the states of 6 muscles and two joints. A movement
is fully described through the state trajectory ~X(t) which is the time course of the
state vector.
The goal of the optimization is to find a sequence of the control signals ~�(t) that
steer the modeled arm from an initial state ~X0 to an final state ~Xf and reproduce
characteristics of natural movements. For this purpose we impose boundary con-
ditions for the state vector ~X(t) and boundary conditions of the optimization for
the control sequence ~�(t). These boundary conditions guarantee that the desired
movement from ~X0 to ~Xf is executed in a biologically plausible range of ~X(t) and
~�(t). The selection of appropriate boundary conditions for a movement depends on
how detailed the description of the movement should be. In the scope of this project
boundary conditions were divided into three classes. The first class are conditions
for the state vector at the beginning and at the end of the movement. The first
condition is, that the joints should start at the initial state and end at the final
state:

~✓(t0)� ~✓start = 0, (3.13)

~✓(tf )� ~✓final = 0. (3.14)

Furthermore, the velocity at the beginning of the movement and at the end of the
movement should be zero:

~̇✓(t0) = 0, (3.15)

~̇✓(tf ) = 0. (3.16)

The third condition of this class is, that the joint angle acceleration at the beginning
and at the end of the movements should be zero:

~̈✓(t0) = 0, (3.17)

~̈✓(tf ) = 0. (3.18)

The angle acceleration does no explicitly appear in the state vector ~X but is strongly
depended on it. Equation 3.10 describes the angle acceleration. It depends on the

angle velocity ~̇✓, which is directly contained in ~X and on the joint torques ~T . Joint
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do not determine the graded force of each muscle but limits the space of possible
combinations of the individual muscles.
The second class of boundary conditions are the upper and lower bounds on the
state vector. To produce realistic movements, joint angle and joint angle velocity
are restricted to a biologically plausible range:

~✓(t) < ~✓max,

~̇✓(t) < ~̇✓max.

(3.19)

This not only prevents unrealistic angles and angle velocities but also unrealistic
muscle lengths, length changes and hence forces.
The third class of boundary conditions are upper and lower bounds for the control
signals ~�. Within the given model, control signals are defined as equilibrium muscle
length and should therefore always have positive values. In addition equation 3.3
shows that if the activation A is zero, a growing ~� does not have an e↵ect on the
activation. Thus, upper and lower bounds for ~� were introduced:

�min  ~�(t)  �max t 2 [t0, tf ]. (3.20)

The listed boundary conditions constrain the state-vector ~X(t) such that the an
end-e↵ector moves from an start state ~X0 to a predefined target state ~Xf within
biomechanical limits.
However, there is an infinite number of control sequences ~�(t) and resulting state
trajectories ~X(t) that fulfill the boundary conditions. Empirical studies show that
movements mostly occur in a similar way [Morasso, 1981]. This suggests that the
CNS systematically choses one of the possible movement trajectories. Since we state
that the choice of the control sequence ~�(t) is the result of an evolutionary optimiza-
tion with respect to a biologically relevant optimization criterion, the question of
an reasonable optimization criterion arises. Natural movements tend to produce
smooth characteristics in path, velocity and acceleration [Morasso, 1981]. Further-
more, we assume that evolution favors to generate simple signals. We choose the
minimization of the rate of change of the control signal as the optimization criterion:

min
~�
 (~�) =

Z tf

0

~̇�(t)2 dt. (3.21)

A decreasing rate of change ~̇�(t) causes smoother ~�(t)s since it penalizes strong
changes in the control trajectories. Within the treated model, muscle length time-
courses are the damped manifestation of the descending signals. Smooth control
signals provide smooth muscle length changes and generate smooth movements as
a result.
Dynamic equations, boundary conditions and optimization criterion together define
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Fig. 1. This figure shows the full movement generation architecture. Some details are hidden in connections for clarity’s sake, but are marked with text
stating “including . . . ”. See text for more details.

B. Generation of virtual trajectory

The movement plan feeds into a two-layer DNF, consisting
of upex and upin (see Figure 1, C),

⌧pexu̇pex(x, t) = �upex(x, t) + h+ spex(x, t) (6)
�[wpex,pin ⇤ ⇢(upin)](x, t)

⌧pinu̇pin(x, t) = �upin(x, t) + h+ spin(x, t), (7)

with spex(x, t) = spin(x, t) = spla(x, t) + cmov�(uint
mov(t))

and ⌧pex < ⌧pin. The two-layer structure of upex and upin

serves as a neural oscillator. Transient activation is created in
the excitatory layer, which the more slowly evolving inhibitory
layer suppresses over time. This dynamics thus performs a
one-shot active transient in response to input. The oscillation
is parameterized by the movement plan spla and is switched on
by the activation of a neural node uint

mov, which expresses the

intention to generate movement. Both layers use a semi-linear
output function ⇢(·) instead of �(·),

⇢(x, t) =

⇢
u(x, t) for u(x, t) > 0
0 else.

(8)

This assures that no movement is created as long as upex is
below threshold. Note that upex and upin cover a larger spatial
area than utar and uini, as their coordinate system expresses
relative distance to the end-effector. Consequently, if the end-
effector is at the target, the target appears in the center of upex

and upin with a distance of zero to the end-effector.
From the relative position of the target in upex, a velocity

vector v is extracted by integrating over the represented
domain X = {(x1, x2) 2 R2 : �50  x1, x2  50}:

v(t) =

ZZ

X
⇢(upex(x, t))!(x) dx1dx2. (9)

[Zibner, Tekülve, Schöner, ICDL 2015]
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[Zibner, Tekülve, Schöner, ICDL 2015]

Impairing one or multiple of the components of the ar-
chitecture listed above should have a significant influence on
reaching behavior, leading to movements that feature multiple
distinct movement units and a longer, less straight trajectory.
Nevertheless, the autonomy of the architecture may bring the
end-effector to the target location at some point. Sensory
feedback about the achieved end-state may drive the learning
process that reduces movement units and increase movement
straightness over time. In this paper, we do not yet model this
process of autonomous learning, however.

IV. EXPERIMENTS

In this section, we will first evaluate a fully developed state
of our architecture in which the mappings and weights have
converged. Movement takes place in a 50 cm by 50 cm plane
placed 20 cm in front of the robot and to the left of the robot’s
body center (see also Figure 1).

For all experiments, we use artificial visual inputs in form of
fields of localized peaks of activation instead of real camera
input to have full control of stimulus strength and position
for reproducibility. We use the simulation solution Webots
(http://www.cyberbotics.com) to execute the movements with
the seven degrees-of-freedom arm. This ensures that the robot
does not damage itself during execution of the movement
commands using an impaired configuration of our architecture
(generated movement might be jerky and unpredictable). The
fully developed architecture was tested on hardware as well
(RGB camera, Kuka arm), but this will not be discussed here.

A. Reaching movements and on-line updating
We first let the “adult” architecture reach for static targets

in front of the robot. We vary starting position of the end-
effector and target position, resulting in reaching movements
in different directions and distances. The target positions
are reached with a single virtual movement and subsequent
movement of the end-effector. The velocity profiles of both
virtual and external trajectories are bell-shaped (see Figure 2),
with the virtual movement ending roughly at reaching peak
velocity of the end-effector. Movement time is constant and
does not depend on movement distance, which leads to a linear
dependency between distance to target and peak velocity. Due
to the transformation from Cartesian movement plan to joint
space, the resulting trajectories are not perfectly straight.

We conduct the following experiment to test on-line updat-
ing in the “adult” architecture. We choose a two-step paradigm
(see [33]) in which the end-effector starts in the center of an
imaginary cross and the first target is placed on one of the
four ends of the cross’ equally long arms. During movement
towards the first target, the target position switches, at varying
inter-stimulus intervals (ISI), to the end of a neighboring
cross arm. Sample trajectories for four different ISIs (600 ms,
700 ms, 800 ms, 900 ms) for this layout and one combination
of targets are shown on the top left in Figure 3. Inspired by
another experimental study of human on-line updating [8], we
position the first target again on one of the arms of a cross, but
then move the target perpendicular to the cross arm bearing
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Fig. 2. Exemplary trajectories (top left) and profiles of tangential velocity
for virtual movements (top right) and end-effector movements (bottom right)
for different movement targets. The bottom left plot shows a combination of
virtual and external profiles to show that the virtual movement ends roughly
at peak velocity of the end-effector movement.

the target. The distance between first and second target is
equal to the length of a cross arm. Sample trajectories of this
second layout for the same four ISIs and for one combination
of targets are shown on the top right in Figure 3. The resulting
tangential velocity profiles feature two distinct movement units
(see Figure 3, bottom row).
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Fig. 3. Top row: Trajectories for different on-line updating setups (see text
for details) and ISIs. The starting position of the hand is marked with the
letter H, the first target position with T and the final target position with
X. Bottom row: velocity profiles for the trajectories shown in the top row,
displaying two movement units with varying peak velocities.



Architecture

time delay between 
“command’ and movement

broad implications for control

for coordination

for sequential organization

non-isomorphic control signals?

[Zibner, Tekülve, Schöner, ICDL 2015]

Impairing one or multiple of the components of the ar-
chitecture listed above should have a significant influence on
reaching behavior, leading to movements that feature multiple
distinct movement units and a longer, less straight trajectory.
Nevertheless, the autonomy of the architecture may bring the
end-effector to the target location at some point. Sensory
feedback about the achieved end-state may drive the learning
process that reduces movement units and increase movement
straightness over time. In this paper, we do not yet model this
process of autonomous learning, however.

IV. EXPERIMENTS

In this section, we will first evaluate a fully developed state
of our architecture in which the mappings and weights have
converged. Movement takes place in a 50 cm by 50 cm plane
placed 20 cm in front of the robot and to the left of the robot’s
body center (see also Figure 1).

For all experiments, we use artificial visual inputs in form of
fields of localized peaks of activation instead of real camera
input to have full control of stimulus strength and position
for reproducibility. We use the simulation solution Webots
(http://www.cyberbotics.com) to execute the movements with
the seven degrees-of-freedom arm. This ensures that the robot
does not damage itself during execution of the movement
commands using an impaired configuration of our architecture
(generated movement might be jerky and unpredictable). The
fully developed architecture was tested on hardware as well
(RGB camera, Kuka arm), but this will not be discussed here.

A. Reaching movements and on-line updating
We first let the “adult” architecture reach for static targets

in front of the robot. We vary starting position of the end-
effector and target position, resulting in reaching movements
in different directions and distances. The target positions
are reached with a single virtual movement and subsequent
movement of the end-effector. The velocity profiles of both
virtual and external trajectories are bell-shaped (see Figure 2),
with the virtual movement ending roughly at reaching peak
velocity of the end-effector. Movement time is constant and
does not depend on movement distance, which leads to a linear
dependency between distance to target and peak velocity. Due
to the transformation from Cartesian movement plan to joint
space, the resulting trajectories are not perfectly straight.

We conduct the following experiment to test on-line updat-
ing in the “adult” architecture. We choose a two-step paradigm
(see [33]) in which the end-effector starts in the center of an
imaginary cross and the first target is placed on one of the
four ends of the cross’ equally long arms. During movement
towards the first target, the target position switches, at varying
inter-stimulus intervals (ISI), to the end of a neighboring
cross arm. Sample trajectories for four different ISIs (600 ms,
700 ms, 800 ms, 900 ms) for this layout and one combination
of targets are shown on the top left in Figure 3. Inspired by
another experimental study of human on-line updating [8], we
position the first target again on one of the arms of a cross, but
then move the target perpendicular to the cross arm bearing
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of targets are shown on the top right in Figure 3. The resulting
tangential velocity profiles feature two distinct movement units
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Experimental data

ments, mammalian muscles reach an isometric force pla-
teau about 50 ms after the onset of tetanic stimulation
(Burke et al. 1976), implying that the transition to a final
equilibrium state cannot be instantaneous. In our, more
natural conditions, the gap between the end of the IC
shifts and the onset of the torque plateau might actually
be higher than 50 ms.

Taken together, our findings suggest that the IC shifts
and the resulting shifts in the EP underlying free move-
ments were finished substantially before the movement
offset, approximately at the time of peak velocity or
when the hand had covered not more than a half of the
movement distance (Figs. 4, 7). A similar result was ob-
tained for fast single-joint movements (Feldman et al.
1995). Computer simulations suggest that changing the
rate of IC shifts may control the movement speed
(St-Onge et al. 1997). Thereby, normalised to the total
movement duration, the time gap between the end of the
IC shifts and the end of movement is maximal for fastest
movements and progressively diminishes with decreas-
ing movement speed. In addition, in deafferented mon-

keys, when arm movements usually lasting about 700 ms
are prevented, the resulting isometric force reaches a
steady state after about 400 ms (Bizzi et al. 1984), sug-
gesting that deafferentation, usually producing substan-
tial sensorimotor deficits, does not eliminate the time
gap between the end of the EP shift and the end of move-
ment.

Resolving the controversies on the pattern of EP shifts

Some data (Latash 1993; Gomi and Kawato 1996) ap-
pear to conflict with our conclusion that the control EP
shifts end substantially before the end of point-to-point
movements. In particular, Gomi and Kawato suggested a
complex pattern of the EP shifts that continue through-
out the actual movement. They based their suggestion on
stiffness and viscosity measurements and computations
of the EP shifts underlying point-to-point arm move-
ments.

The measurements and computations in Gomi and
Kawato's study relied on some simplified assumptions
such as that the muscle torque is a linear function of po-
sition and velocity. The computed EP shifts continued
about 250 ms after the end of the actual movement in all
subjects. This result is paradoxical, if one takes into ac-
count that EP shifts provoke movement and, physically,
these shifts may end only before, not after, the actual
movement. This brings into question such estimations of
the EP shifts. Gribble et al. (1998) directly questioned
the applicability of linear methods to the estimation of
equilibrium trajectories. They did this by showing that a
short-duration EP shift ending approximately at peak
movement velocity was sufficient to simulate Gomi and
Kawato's data on stiffness and damping when more real-
istic, non-linear muscle force characteristics were used.
Thus, the assumptions about the linearity or non-lineari-
ty of the system substantially influence on the estimation
of the equilibrium trajectories. To avoid this effect, it is
desirable to base the choice between different patterns of
EP shifts on empirical data without such assumptions
(Won and Hogan 1995).

Latash and Gottlieb (1991b) suggested that the EP
shift underlying fast elbow movements is non-monotonic
and ends only with the movement offset. They based
their suggestion on the analysis of the shifts in the
torque-angle characteristic estimated by perturbation
methods. This characteristic had a velocity-dependent
component that was not excluded in the measurements.
In contrast, according to the definition of the IC concept
(see “Introduction”), the EP shifts should be associated
with motion of the static torque-angle characteristic. Us-
ing a computer model, Gribble et al. (1998) showed that
the empirical finding by Latash and Gottlieb (1991b)
does not conflict with the idea of a short-duration pattern
of the EP shifts in fast elbow movements. The present
finding that a short-duration pattern of the EP shift un-
derlies fast arm movements does not depend on the as-
sumptions of any specific model and therefore rejects the
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Fig. 7 Fast arm movements in temporal (A) and spatial coordi-
nates (B). Point i is the initial hand position. Point h is the hand
position at the time when the central command specifying the final
equilibrium position, a, has been completed. Thus, the equilibrium
position substantially leads the actual hand position. Because of
this discrepancy, muscles generate forces sufficient for a high-
speed movement. Curves and points i, a and h were experimental-
ly measured in this study

of the control EP shifts underlying fast point-to-point
arm movements. Some studies suggest that the EP shifts
are produced until the movement offset (hypothesis 1;
Latash and Gottlieb 1991b; Gomi and Kawato 1996).
Other studies suggest that the control EP shifts end about
the time when the movement velocity is maximal and af-
ter that the movement is driven by the inertial, viscous
and elastic forces produced by the muscle-reflex system
(hypothesis 2; Flanagan et al. 1993; Gribble et al. 1998).
Experimentally, the choice between hypotheses 1 and 2
may be made in the following way.

By blocking the arm movement, one may transform
the isotonic movement into an isometric torque genera-
tion without changing the control pattern (IC shift), im-
plying that the respective final EPs a and b are the points
on the same final IC (Fig. 1). The transition of the arm to
these points may be accomplished at different times
since the latter are determined not only by the control
signals but also by the geometric, elastic and viscous
properties of the muscle-reflex system, which are differ-
ent in the isotonic and isometric conditions. The differ-
ence in the transition times may be considerable in the
framework of hypothesis 2 since it suggests that, in un-
obstructed movement, there is a substantial time gap be-
tween the end of the control signals specifying the final
EP a and the end of the actual arm transition to this EP.
This gap and the whole movement duration depend on
the inertial forces providing the movement acceleration
and deceleration scaled by the mass of the arm segments.
These and other movement-related forces are nullified
when the movement is prevented and therefore the tran-
sition to the respective EP b can be more rapid than to
EP a when the movement is free. We experimentally
tested whether or not blocking fast point-to-point arm
movements can diminish the duration of the transition of
the system to the final EP.

Materials and methods

Experimental setup and procedures

Four healthy subjects (age range 22–33 years), who gave their in-
formed consent prior to their inclusion, participated in the study
approved by the Ethics Committee of the Rehabilitation Institute
of Montreal. Subjects sat on a chair near a table and grasped a ver-
tical handle equipped with force sensors and attached to a magnet-
ic disc (radius of 5 cm) placed on the table. The handle (total mass
of about 1 kg) could be moved on the smooth Plexiglas surface of
the table that was covered with silicon powder to minimise fric-
tion (friction coefficient <0.1). Subjects were instructed to move
the device horizontally, without pushing down on the table. Acti-
vating an electromagnet inlaid in the table could arrest arm move-
ment at the initial position. Subjects wore a harness that was at-
tached to a solid back support to avoid a backward deflection of
the trunk elicited by reactive forces resulting from the arrest of the
arm movement.

Subjects were asked to close their eyes and, in response to an
auditory “go” signal from a loudspeaker, make a fast arm move-
ment by sliding the handle on the table. They moved the handle
from an initial position near the midline of the chest to one of
three remembered targets (Fig. 2) located in sagittal, contralateral
diagonal and frontal directions, respectively, at a distance of

30 cm from the initial position. After holding the final position for
200–500 ms, subjects moved the handle to the initial position
where vision was allowed. Movements to each target were ar-
ranged in blocks (40 trials in each, 15 s between trials to prevent
fatigue). In 67% of trials of each block, subjects made free move-
ments to the target (unobstructed movements). In the remaining
33% of randomly selected trials, the arm movement was blocked
at the initial position by activating the electromagnet simulta-
neously with the “go” signal (arrested movements).

Two instructions were used in the experiments. First, subjects
were required to make a single movement to the target in each trial
without corrections. In the event of a perturbation, they were
asked to avoid intentional changes in the pushing force until the
required duration at the final state (200–500 ms) had expired and
when they could relax (non-corrected movements). The electro-
magnet was on for 1.5 s, a time exceeding the duration of free
movements (0.5±0.06 s). To discourage subjects from making cor-
rections, movement errors were not reported to subjects.

Second, to explore the ability of the subjects to trigger rapid
corrections of the control signals, each subject repeated one block
of movements to the sagittal target with the opposite instruction,
to increase as soon as possible the pushing force in response to the
movement arrest (corrected movements). As in other trials, sub-
jects produced movements without vision or knowledge of results.
Corrective responses may have been triggered only in the 33% of
trials in which the movement was arrested. Subjects were discour-
aged, by a verbal request, from anticipating the condition in the
upcoming trials.

Data recording and analysis

Two orthogonal components of the force applied to the handle
were recorded with four sensors. Mechanically and electronically,
these sensors were constructed in such a way as to reduce (to
about 5%) their sensitivity to vertical pressure (Fz) and rotational
torques occasionally produced by subjects. Infrared light emitting
diodes were placed on the top of the handle, along the two orthog-
onal axes of the sensors, and on bony landmarks of the right wrist,
elbow, and right and left shoulders. The positions of these diodes
were recorded using a system for three-dimensional analysis of
motion (Optotrak, sampling frequency 200 Hz). These data were
used to compute the frontal (Fx), sagittal (Fy) components and the
absolute value, |F|, of the force applied to the handle in an abso-
lute (motionless) frame of reference associated with the table.
Measured in this way, the force components did not depend on the
handle rotation from trial to trial.

In addition, the hand trajectory and tangential velocity profile,
joint angles, angular velocities and accelerations were computed
in each trial. For unobstructed movements, the hand tangential ve-
locity was obtained based on the derivatives of coordinates of the
handle marker (3-point differential algorithm). The angular veloci-
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Fig. 2 Experimental setup (filled circles 1–3 targets, open circles
initial position at which the movements were arrested in randomly
selected trials)

(about 20 N in Fig. 4A) before the peak velocity of move-
ment and then rapidly declined to and remained near zero
after the hand had covered about two-thirds of the total
movement distance. Thus, during the terminal phase of
movement, the arm and the handle may be considered
mechanically dissociated. A small amount of friction was
apparently sufficient to decelerate and eventually stop the
handle (Fig. 4B, C). At the same time, the body with
more mass, the arm, was decelerated by active muscle
torques, especially the elbow torque (Fig. 4B).

In trials in which subjects were instructed not to cor-
rect the pushing force when the movement was prevent-
ed, the pushing force (Fig. 4D) and joint torques
(Fig. 4E, F) rapidly increased to a steady state level (pla-
teau). The final level of the pushing force was substan-
tially higher, by a factor >2.5 (compare A and D in
Fig. 4) than the peak force in non-perturbed movements,
for all subjects and movement directions (F(1,3)=29.22,
30.46, 22.8, for directions 1–3, respectively; P<0.02,
ANOVA). For example, for direction 1, the force reached
68.5±23.8 in arrested and 23.8±8 N in unobstructed
movements. In contrast, the final joint torques in ob-
structed movements approached the peak value of those
in free movements (Fig. 4B, C, E, F).

The time of transition to the torque plateau levels in
arrested movements was substantially less than the time

of transition to the final position in unobstructed move-
ments (Fig. 4), for all subjects and movement directions
(F(1,3)=45.53, 23.21, 55.98, for directions 1–3, respective-
ly; P<0.02, ANOVA). For example, the transition time in
arrested movements was about 170 ms for subject S1
(Fig. 4D–F) whereas the final position in non-perturbed
movements (Fig. 4A–C) was attained after 500 ms. Data
for the group are shown in Fig. 5, left panels.

The transition time in arrested movements was typi-
cally greater than the time to peak velocity in unobstruct-
ed movements (Figs. 4, 5, right panels). The mean differ-
ence between the two temporal variables was less than
80 ms (e.g. Fig. 5, bottom right panel). For the group, the
difference between these variables was insignificant, for
each direction (F(1,3)=6.69, 2.59, 0.88, P>0.07, ANOVA,
for directions 1–3, respectively). The repeated measures
ANOVA on three variables (force level, transition time,
and time to peak velocity) did not reveal any effect of
trial.

The torque and pushing force plateau duration in ar-
rested movements was similar for movements in differ-
ent directions (160±30, 180±40 and 190±70 ms for di-
rections 1, 2 and 3, respectively). With the offset of the
plateau, the torques and pushing force began to decline
(Fig. 4D–F) because of active relaxation, which was per-
mitted after the task had been accomplished.
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Fig. 4 Averaged displace-
ments, hand velocity and push-
ing force applied to the handle
(A, D), and shoulder (Ts) and
elbow (Te) joint torques (B, C,
E, F) in unobstructed and ob-
structed movements. The sym-
bols with two subscripts are the
passive inertial (i) and friction-
al (f) torques acting on the
shoulder (s) or elbow (e) joint.
These torques resulted from the
handle inertia and friction dur-
ing motion of the handle on the
surface of the table. Subject S1
moved the hand in the sagittal
direction (target 1 in Fig. 2)
with the instruction not to cor-
rect the hand position or push-
ing force regardless of external
conditions

[Ghafouri Feldman, 2001]



Impairing one or multiple of the components of the ar-
chitecture listed above should have a significant influence on
reaching behavior, leading to movements that feature multiple
distinct movement units and a longer, less straight trajectory.
Nevertheless, the autonomy of the architecture may bring the
end-effector to the target location at some point. Sensory
feedback about the achieved end-state may drive the learning
process that reduces movement units and increase movement
straightness over time. In this paper, we do not yet model this
process of autonomous learning, however.

IV. EXPERIMENTS

In this section, we will first evaluate a fully developed state
of our architecture in which the mappings and weights have
converged. Movement takes place in a 50 cm by 50 cm plane
placed 20 cm in front of the robot and to the left of the robot’s
body center (see also Figure 1).

For all experiments, we use artificial visual inputs in form of
fields of localized peaks of activation instead of real camera
input to have full control of stimulus strength and position
for reproducibility. We use the simulation solution Webots
(http://www.cyberbotics.com) to execute the movements with
the seven degrees-of-freedom arm. This ensures that the robot
does not damage itself during execution of the movement
commands using an impaired configuration of our architecture
(generated movement might be jerky and unpredictable). The
fully developed architecture was tested on hardware as well
(RGB camera, Kuka arm), but this will not be discussed here.

A. Reaching movements and on-line updating
We first let the “adult” architecture reach for static targets

in front of the robot. We vary starting position of the end-
effector and target position, resulting in reaching movements
in different directions and distances. The target positions
are reached with a single virtual movement and subsequent
movement of the end-effector. The velocity profiles of both
virtual and external trajectories are bell-shaped (see Figure 2),
with the virtual movement ending roughly at reaching peak
velocity of the end-effector. Movement time is constant and
does not depend on movement distance, which leads to a linear
dependency between distance to target and peak velocity. Due
to the transformation from Cartesian movement plan to joint
space, the resulting trajectories are not perfectly straight.

We conduct the following experiment to test on-line up-
dating in the “adult” architecture. We choose a two-step
paradigm (see [33]) in which the end-effector starts in the
center of an imaginary cross and the first target is placed
on one of the four ends of the cross’ equally long arms.
During movement towards the first target, the target position
switches, at varying inter-stimulus intervals (ISI), to the end of
a neighboring cross arm. Sample trajectories for four different
ISIs (600 ms,700 ms,800 ms,900 ms) for this layout and one
combination of targets are shown on the top left in Figure 3.
A second layout inspired by another experimental study of
human on-line updating [8] positions the first target also
on one of the arms of a cross, but then moves the target
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Fig. 2. Exemplary trajectories (top left) and profiles of tangential velocity
for virtual movements (top right) and end-effector movements (bottom right)
for different movement targets. The bottom left plot shows a combination of
virtual and external profiles to show that the virtual movement ends roughly
at peak velocity of the end-effector movement.

perpendicular to the cross arm bearing the target. The distance
between first and second target is equal to the length of a
cross arm. Sample trajectories for the same four ISIs for one
combination of targets are shown on the top right in Figure 3.
The resulting tangential velocity profiles feature two distinct
movement units (see Figure 3, bottom row).
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Fig. 3. Top row: Trajectories for different on-line updating setups (see text
for details) and ISIs. The starting position of the hand is marked with the
letter H, the first target position with T and the final target position with
X. Bottom row: velocity profiles for the trajectories shown in the top row,
displaying two movement units with varying peak velocities.

[Zibner, Tekülve, Schöner, ICDL 2015]

Architecture: online updating



Conclusion

muscle dynamics and biomechanical dynamics 
make that the optimal control problem cannot 
be entirely trivialized: appropriate space-time 
virtual trajectories are needed to generate 
realistic movement behavior


