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2 Hard partitional clustering considers the case of compact clusters with hard boundaries between
them. Each cluster is represented by one reference vector at the mean of the corresponding data
points, thus this setting is very similar to the one considered for vector quantization. The Davies-
Bouldin index is introduced to measure the quality of the clustering. An application to prototypes
of Northern Californian shoppers is presented.
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These lecture notes depend on my lecture notes on vector quantization.

2 Hard partitional clustering

Learning material:1

□ 16 min video 2 Hard Partitional Clustering

□ Video List Clustering Algorithms2 by Victor Lavrenko on YouTube

• 4 min video Clustering 4: Overview of k-means clustering3 by Victor Lavrenko on YouTube

• 4 min video Clustering 5: The K-means algorithm4 by Victor Lavrenko on YouTube

• 4 min video Clustering 6: The k-means algorithm visually5 by Victor Lavrenko on YouTube

• 6 min video Clustering 7: K-means objective function6 by Victor Lavrenko on YouTube

• 5 min video Clustering 8: Optimal number of clusters7 by Victor Lavrenko on YouTube

+ 7 min video Clustering 9: Evaluating clustering systems8 by Victor Lavrenko on YouTube

+ 13 min video Clustering 10: Intrinsic evaluation and alignment9 by Victor Lavrenko on
YouTube

+ 2 min video Clustering 11: Paired evaluation and Rand index10 by Victor Lavrenko on
YouTube

+ 9 min video Clustering 12: K-means for image representation11 by Victor Lavrenko on
YouTube

+ 2 min video Clustering 13: Summary12 by Victor Lavrenko on YouTube

□ Text below

1Generic instruction: Consider the (possibly nested) list of resources like a horizontal tree with an invisible root on
the very left, and decide from left to right what you want to select to work through. The invisible root node has to be
selected. For any selected parent node all children nodes marked with or • are mandatory and have to be selected.
Children nodes marked with □ or ◦ are optional and may be selected in addition to get a better understanding of
the material. If a parent node has no mandatory child, then at least one optional child has to be selected. Children
marked with + provide additional voluntary material that can be safely ignored, typically going beyond the scope of
the section. Children of non-selected parents may be ignored. and □ indicate children that cover (almost) the whole
material of the section. Missing content might then be indicated by struck through references to the corresponding
learning objectives. • and ◦ indicate children that do not cover (almost) the whole material of the section. They
must be combined with others to be complete. Items tend to be ordered by precedence and/or recommended temporal
order from top to bottom, assuming that you prefer to first watch a video before reading through lecture notes. If
a detailed table of content for videos or lecture notes is given, references to learning objectives might be provided in
green, 1:30 should be read as 1 min and 30 seconds, and 1’30 should be read as page 1 at about 30% of the page. Video
times may be linked directly to the indicated position in the video, but be aware that the video might be downloaded
anew each time you click on a time. Resources without author name are usually authored by Laurenz Wiskott and his
team.

2https://www.youtube.com/playlist?list=PLBv09BD7ez_6lYVoZ1RzVcOPIT5Lfjo0Y, accessed 2022-04-28
3https://www.youtube.com/watch?v=c_oCcpN0_0s, accessed 2022-04-28
4https://www.youtube.com/watch?v=WZL4d47hmFs, accessed 2022-04-28
5https://www.youtube.com/watch?v=IJt62uaZR-M, accessed 2022-04-28
6https://www.youtube.com/watch?v=4s6ZTQJIMYk, accessed 2022-04-28
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7https://www.youtube.com/watch?v=9W45yMcAOsw, accessed 2022-04-28
8https://www.youtube.com/watch?v=6muxKPBtTx0, accessed 2022-04-28
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Quizzes and Exercises: Deepen and test your understanding with the following

� Section 2 Quiz

� Section 2 Exercises, Section 2 Solutions

2.1 K-means algorithm

A particularly simple method for clustering is K-means, which is identical to the LBG or generalized
Lloyd algorithm we know from vector quantization, just applied to clustered data. The idea is to represent
each cluster k by a center point ck and assign each data point xn to one of the clusters k, which
can be written in terms of index sets Ck. The center points and the assignment are then chosen such that
the mean squared distance between data points and center points

♢ E :=

K∑
k=1

∑
n∈Ck

∥xn − ck∥2 (2.1)

is minimized. This can be interpreted, for instance, in terms of a reconstruction error. Imagine we
replace each data point by its associated center point. This will lead to an error, which could be quantified
by (2.1). The task is to minimize this error. There is actually a close link to vector quantization (D:
Vektorquantisierung) here.

To achieve the minimization in practice we split the problem into two phases. First we keep the assignment
fixed and optimize the position of the center points; then we keep the center points fixed and optimize the
assignment.

If the assignment is fixed, it is easy to show that the optimal choice of the center positions is given
by

♢ ck =
1

Nk

∑
n∈Ck

xn , (2.2)

which is simple the center of gravity of the points assigned to this cluster.

If the center points are fixed, it is obvious that each point should be assigned to the nearest center
position. Thus, a Voronoi tessallation (D: Dirichlet-Zerlegung) is optimal.

The K-means algorithm now consists of applying these two optimizations in turn until conver-
gence. The initial center locations could be chosen randomly from the data points. A drawback of this and
many other clustering algorithms is that the number of clusters is not determined. One has to decide
on a proper K in advance, or one simply runs the algorithm with several different K-values and picks the
best according to some criterion.

Also note that the result of the algorithm is not necessarily a global optimum of the error func-
tion (2.1). For instance, imagine two distinct clusters of equal size and K = 4. If in such a situation three
center points are initialized to lie in one cluster and only one lies in the other, the algorithm will optimize this
only locally with three center points in one cluster and one in the other, and it will find the better solution
where two center points are in each cluster. It is therefore advisable to run the algorithm several times
with different initial center locations and pick the best result.
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Figure 2.1: Examples of a converged K-means algorithm, once with 5 (yellow) center points (left), and
two different runs with 10 center points (middle and right). The data points are drawn in black and the
Voronoi tessallation in red. (Created with DemoGNG 1.5 written by Hartmut Loos and Bernd Fritzke, see
https://www.demogng.de/js/demogng.html for a more recent version.)

2.2 Davies-Bouldin index

(This section is based on (Gan et al., 2007, 17.2.2).)

To evaluate the quality of a clustering a plethora of validity indices have been proposed. One of them
is the Davies-Bouldin index or, for short, the DB index. First define cluster dispersion as

♢ δk :=

√
1

Nk

∑
n∈Ck

∥xn − ck∥2 , (2.3)

which can be interpreted as a generalized standard deviation. Then define cluster similarity of
two clusters as

♢ Skl :=
δk + δl

∥ck − cl∥
. (2.4)

Thus, two clusters are considered similar if they have large dispersion relative to their distance.

A good clustering should be characterized by clusters being as dissimilar as possible. This should apply in
particular to neighboring clusters, because it is clear that distant clusters are dissimilar in any case. Thus,
an overall validation of the clustering can be done by the DB index

♢ VDB :=
1

K

K∑
k=1

max
l ̸=k

Skl . (2.5)

The DB index does not systematically depend on K and is therefore suitable to find the best
optimal number of clusters, e.g. by plotting VDB and picking a pronounced minimum.
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2.3 Application: Northern Californian shoppers (→ slides)

Northern Californian Shoppers

Table: (Mokhtarian & Ory, 2006, http://www.wctrs-society.com/... (outdated), Tab. 3)

2/4

The habbits of Northern Cali-
fornian shoppers were charac-
terized by a number of factors,
then a clustering was applied
and a number of prototypes
identified. Factors with abso-
lute values greater than 0.25
and greater than 0.5 are set
in boldface and highlighted in
green, respectively.
Table: (Mokhtarian and Ory,
2006, Tab. 3)
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