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— Summary —

Slow feature analysis (SFA) is an algorithm that can be applied to vectorial time series to extract nonlinear
and slowly varying features. It does so by maximizing the slowness of the extracted features without being
allowed to do averaging. The idea is, that input signals of perceptual systems often vary on a much faster
time scale than the objects that are being perceived. In vision, for instance, the pixel values of a video
vary on a much faster time scale than the objects moving around in the video. The SFA-algorithm is based
on principal component analysis and therefore linear. However, it is usually combined with a nonlinear
expansion, which makes it effectively nonlinear.

1 SFA algorithm (→ slides) works in four steps: (1) The input signal is nonlinearly expanded per-
mitting extraction of nonlinear features. (2) The expanded signal is whitened to fulfill the constraints
of zero mean, unit variance and decorrelation. (3) The time derivative is taken to be sensitive to the
temporal structure. (4) PCA is used to find the directions of smallest variance which means slowest
change. → Video 1 (including nonlinear expansion and whitening), Exercises, Solutions
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2 Applications of SFA in machine learning (→ slides) shows two examples: (1) The extrac-
tion of a driving force, i.e. a slowly changing parameter, from a dynamical system. (2) Nonlinear
blind source separation, i.e. nonlinearly mixed acoustic signals are isolated from the mixture without
knowing anything about the signals nor the mixing. → Videos 2.1, 2.2
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1 SFA algorithm (→ slides)

Slow feature analysis was first published in 1998 (Wiskott, 1998). This section is based on (Wiskott and
Sejnowski, 2002).

Slow feature analysis is an algorithm that has been developed in context of modeling the primate visual
system, but it has also been applied successfully in technical contexts. It is based on the slowness principle,
which is introduced here from the view of learning invariances in visual perception.

Slow Feature Analysis

(maxmann, 2016, pixabay, © CC0, URL)

Section title: Slow Feature
Analysis
Image: (maxmann, 2016, pix-
abay, © CC0, URL)1.1
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Slowness as a Learning Principle

2
1

3
x
  

(t
)

x
  

(t
)

x
  

(t
)

object identity

m
o

n
k
e

y

object location

le
ft

time ttime t

high level representation
primary sensory signal
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Bray (1995), Wallis & Rolls (1997), Peng et al. (1998), Körding & König (2001), Wiskott &

Sejnowski (2002)

Slowness as a learning prin-
ciple is based on the obser-
vation that different represen-
tations of the visual sensory
input vary on different time
scales. Our visual environ-
ment itself is rather stable. It
varies on a time scale of sec-
onds.
The primary sensory signal on
the hand, e.g. responses of
single receptors in our retina
or the gray value of a single
pixel of a CCD camera, vary
on a faster time scale of mil-
liseconds, simply as a conse-
quence of the very small recep-
tive field sizes combined with
gaze changes or moving ob-
jects. As an example imagine
you are looking at a quietly
grazing zebra. As your eyes
scan the zebra, single recep-
tors rapidly change from black

to white and back again because of the stripes of the zebra. But the scenery itself does not change much.
Finally, your internal high-level representation of the environment changes on a similar time scale as the
environment itself, namely on a slow time scale. The brain is somehow able to extract the slowly varying
high-level representation from the quickly varying primary sensory input. The hypothesis of the slowness
learning principle is that the time scale itself provides the cue for this extraction. The idea is that if the
system manages to extract slowly varying features from the quickly varying sensory input, then there is a
good chance that the features are a good representation of the visual environment.
A number of people have worked along these lines. Slow feature analysis is within this tradition but differs
in some significant technical aspects from all previous approaches.
Figure: (Wiskott et al., 2011, Fig. 2, © CC BY 4.0, URL)1.2
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Optimization Problem
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Given an input signal x(t).

Find an input-output function g(x) (e.g. polynomial of degree 2).

The function generates the output signal y(t) = g(x(t)).

This is done instantaneously.

The output signal should vary slowly, i.e. minimize 〈ẏ2
i 〉.

The output signal should carry much information, i.e. 〈yi 〉 = 0, 〈y2
i 〉 = 1,

and 〈yj yi 〉 = 0 ∀j < i .

Slow feature analysis is based
on a clearcut optimization
problem. The goal is to find
input-output functions that
extract most slowly varying
features from a quickly vary-
ing input signal.
It is important that the func-
tions are instantaneous, i.e.
one time slice of the output
signal is based on just one
time slice of the input signal
(marked in yellow). Otherwise
low-pass filtering would be a
valid but not particularly use-
ful method of extracting slow
output signals. Instantaneous
functions also make the sys-
tem fast after training, as is
important in visual process-
ing, for instance. It is also
possible to take a few input
time slices into account, e.g.
to make the system sensitive

to motion or to process scalar input signals with a fast dynamics on a short time scale. However, low-pass
filtering should never be the main method by which slowness is achieved.
Without any constraints, the optimal but not very useful output signal would be constant. We thus impose
the constraints of unit variance 〈y2i 〉 = 1 and, for mathematical convenience, zero mean 〈yi〉 = 0. To make
different output signal components represent different information, we impose the decorrelation constraint
〈yjyi〉 = 0. Without this constraint, all output components would typically be the same. Notice that the
constraint is asymmetric, later components have to be uncorrelated to earlier ones but not the other way
around. This induces an order. The first component is the slowest possible one, the second component is
the next slowest one under the constraint of being uncorrelated to the first, the third component is the next
slowest one under the constraint of being uncorrelated to the first two, etc.
Figure: (Wiskott et al., 2011, Fig. 1, © CC BY 4.0, URL)1.3
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Simple Example

x1(t) = sin(t) + cos(11t)2

x2(t) = cos(11t)

component x1(t) component x2(t) Input signal x(t)

A slow feature of this signal is obviously

y(t) = x1(t)− x2(t)2 = sin(t) .

Consider a simple two-
dimensional trajectory as an
example. x1(t) and x2(t) are
both quickly varying. Non-
linearly hidden in this signal
is sin(t), which is relatively
slow. It can be extracted with
a polynomial of degree two,
since x1(t) − x2(t)2 = sin(t).
In the trajectory plot (right)
one can see the fast back and
forth rocking on a parabula,
which itself is slowly moving
up and down.
Figure: (Wiskott and Se-
jnowski, 2002, Fig. 2, URL)1.4

Simple Example

Minimize 〈ẏ2〉
with y(t) = g(x(t))

under the constraints 〈y〉 = 0

and 〈y2〉 = 1 .

input signal x(t) input-output function g(x) output signal y(t)

From this input signal we
want to extract only a single
output component, so that the
optimization problem simpli-
fies somewhat. As seen above,
the slowest output signal is
y(t) = sin(t) and the func-
tion required to extract it is
g(x) := x1 − x22. Its level
lines are parabulas and follow
the principal curve of the in-
put trajectory.
Figure: (Wiskott and Se-
jnowski, 2002, Fig. 2, URL)1.5
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Slow Feature Analysis (SFA)

input signal x(t) expanded signal z̃(t) sphered signal z(t)

time derivative signal ż(t) output signal y(t) input-output function g(x)

The SFA-algorithm is
relatively straight for-
ward. The upper left
panel shows the trajec-
tory x1(t) = sin(t) + cos(11t)2

and x2(t) = cos(11t). It is
quickly rocking back and
forth on a parabola, which
itself is slowly moving up and
down. SFA finds this slow
feature as follows:
Step 1: The input sig-
nal is nonlinearly expanded
into a high-dimensional fea-
ture space z̃ (upper middle
panel). We often use poly-
nomials of degree two, which
would result in z̃1 := x1, z̃2 :=
x2, z̃3 := x21, z̃4 := x1x2, and
z̃5 := x22. Within this space
the problem can be solved lin-
early, because any polynomial
of degree two can be written
as a linear combination of the

z̃i.
Step 2: The expanded signal is whitened or sphered (upper right panel). This operation first removes the
mean and then stretches the signal along its principal axes such that it has unit variance in all directions.
This has the great advantage that the constraints are easy to fulfill. If we project the whitened signal onto
any unit vector, the projected signal has zero mean and unit variance; if we project the whitened signal onto
any set of orthogonal unit vectors, the projected signal components are uncorrelated. Thus, we only have
to find the orthogonal unit vectors that produce the slowest signal components. The constraints are then
taken care of automatically. In our simple example, we only need one unit vector to project to.
Step 3: To find the direction in which the signal varies most slowly we calculate the derivative of the whitened
signal (lower left panel). The variance of the derivative is small in directions of slow variation and large in
directions of fast variation.
Step 4: We apply principal component analysis. The component with smallest eigenvalue gives us the unit
vector that yields the slowest possible output signal component. If we want to extract more slow features,
we simply take the principal components with next larger eigenvalues. Thus, once we are here, it is easy to
extract many slow output signal components.
If one concatenates the nonlinear expansion, the whitening, and the projection onto the unit vectors, one gets
the nonlinear functions gi(x). The lower right panel shows the function found here for the simple example.
Evaluating this function along the input trajectory yields the output signal y(t) (lower middle panel).
Figure: (Wiskott and Sejnowski, 2002, Fig. 2, URL)1.6
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Derivative of a Trajectory

Trajectory: x(t) = (x1(t), x2(t), ..., xN(t))T ,

Derivative: ẋ(t) = (ẋ1(t), ẋ2(t), ..., ẋN(t))T .

Formally the derivative of a
trajectory is simply the vec-
tor of the derivatives of the
components of the trajectory.
If the trajectory is discretized
in time with step size 1, its
derivative is simply the se-
quence of diffence vectors of
two successive time points.
© CC BY 4.0

Successive Application of SFA

An interesting property of
SFA is that it can be ap-
plied in a cascade. The
input signal of the example
shown here has a slow fea-
ture in it that cannot be ex-
tracted with a polynomial of
degree two. Thus SFA2, i.e.
quadratic SFA, alone cannot
solve the problem. But if one
applies SFA2 again to the first
three output components of
the first SFA2 and then a third
time, the slow feature gets ex-
tracted, compare the contour
plot of g3,1(x1, x2) with the
trajectory plot of x2(t) versus
x1(t).
Figure: (Wiskott and Se-
jnowski, 2002, Fig. 7, URL)1.7
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2 Applications of SFA in machine learning (→ slides)

2.1 Extracting driving forces (→ slides)

This section is based on (Wiskott, 2003).

Analyzing Non-stationary Time Series

(Peggy Marco, 2012, pixabay, © CC0, URL)

Section title: Analyzing
Non-stationary Time Se-
ries
Image: (Peggy Marco, 2012,
pixabay, © CC0, URL)2.1
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Non-Stationary Tent-Map Time Series

w
i+1

γ ’

w
i

w
i+1

1

1

An iterative map is a discrete
dynamical system. For the
tent map f (shown in black)
one starts with an arbitrary
value w0 between 0 and 1 and
simply applies f to get the
next value w1 = f(w0). Re-
peating this process leads to
a time series wt like the one
shown below. The tent map
is peculiar in that the result-
ing time series has no obvious
structure and looks like white
noise. A similar time series re-
sults if one shifts the mapping
function f cyclicly within the
interval [0, 1] by some value γ′

(shown in red). If γ′ itself de-
pends on time, it is called a
driving force of the system and
it changes the system dynam-
ics over time. If γ′(t) changes
on a slower time scale than the
time series itself, SFA should

be able to extract it.
Figure (top): (Wiskott et al., 2011, Fig. 11, © CC BY 4.0, URL)2.2

Figure (bottom): (Wiskott, 2003, Fig. 1, © CC BY 4.0, URL)2.3
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Analysis with SFA

The top graph shows a tent-
map time series with a driving
force γ(t) as shown in the bot-
tom graph (solid line). In or-
der to apply SFA, one has to
consider several (in this case
10) successive values together
as the input vector for SFA,
a method called time embed-
ding. In other words SFA sees
a sliding window of ten points
of the time series and tries to
extract some slow feature from
it. Applying SFA with poly-
nomials of degree 3 results in
the slow feature shown in the
bottom graph as points over-
layed over the solid curve of
the true driving force. Mean
and variance, which can prin-
cipally not be extracted, are
normalized to make the curves
comparable. The correlation
coefficient is r = 0.96.

Figure: (Wiskott, 2003, Fig. 1, © CC BY 4.0, URL)2.4

Step-like Driving Force

SFA cannot only extract con-
tinuous features but also fea-
tures that switch discretely
between different values. This
graph is the same as above
except that the driving force
changes in a step-like fashion.
Figure: (Wiskott, 2003,
Fig. 3, © CC BY 4.0,
URL)2.5
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2.2 Nonlinear blind source separation (→ slides)

This section is based on (Sprekeler et al., 2014).

Nonlinear Blind Source Separation

(“Blind mans bluff”, 1803, Wikimedia, © CC0, URL)

Henning Sprekeler Tiziano Zito

Image: (“Blind mans bluff”,
1803, Wikimedia, © CC0,
URL)2.6
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Nonlinear Mixing
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We consider here the problem
of nonlinear blind source sep-
aration for two sources. The
sources s1 and s2 are shown
at the top left and are plot-
ted together in the 2D scatter
plot on the right. The mixing
can be viewed as stretching
the 2D space and winding it
up in a spiral, see scatter plot
below. The first source runs
along the arms of the spiral;
the second source runs per-
pendicular to it and has a very
small amplitude. The result-
ing mixed signals are shown as
x1 and x2 on the left. The
task of nonlinear blind source
separation is to extract the
two sources without knowing
anything about the mixture or
the sources, except that they
are statistically independent
and smoothly varying, i.e. not

white noise.
The theory of SFA formalizes two properties that can explain why SFA might be suitable to perform nonlinear
blind source separation. Roughly speaking: (i) Any nonlinearly transformed version of a signal varies faster
than the signal itself. (ii) Any mixture of two signals varies faster than the slower of the two signals. (These
statements are true only modulo an invertible transformation of the single sources. But that is all you can
hope for in any case, because the problem of nonlinear blind source separation is defined only up to an
invertible transformation of the single sources.)
Figure: (Wiskott et al., 2011, Fig. 13, © CC BY 4.0, URL)2.7
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Harmonics of a Signal

s1 .063

g11 h11 .060

g12 h12 .138

g13 h13 .264

g14 h14 .376

This graph illustrates the
principle that a signal typi-
cally gets faster if you trans-
form it. s1 is the orig-
inal signal with a ∆-value
of 0.063 (the ∆-value mea-
sure the ’fastness’ of a sig-
nal). g11(s) is an opti-
mal invertible transformation
that makes the signal slightly
slower, see h11 = g11(s1)
with a ∆-value of 0.060. The
other noninvertible transfor-
mations shown all make the
signal faster.
The functions g1m have been
found by applying SFA with
high polynomials to s1 di-
rectly without time embed-
ding. g11 is therefore optimal
in yielding a slower version of
s1. The resulting signals h1m
are called harmonics and play
an important role in the the-

ory of SFA.
Figure: (Wiskott & Escalante, 2010, unpubl., © CC BY 4.0)

Products of Harmonics of Two Signals

h11 .060

h21 .140

h11h21 .200

h13h23 .794

h12h24 .867

This graph illustrates the
principle that a mixture of two
signals is typically faster than
the slower of the two signals.
Since any mixture can be ex-
pressed as a linear combina-
tion of products of harmon-
ics of the two sources (simi-
lar to a 2D Taylor expansion),
we only consider the first har-
monics h11 and h21 of the two
sources and various products
of first and higher harmonics.
All products are faster, i.e.
have a higher ∆-value, than
h11.
Figure: (Wiskott & Escalante,
2010, unpubl., © CC BY 4.0)
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xSFA - Unmixing
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In xSFA (extended SFA) the
mixture is first expanded into
a very high-dimensional space.
The slowest signal within that
space is then extracted with
SFA and declared the first
source. Next, all harmonics of
that first source are projected
out of the expanded signal.
Then, SFA is applied again
and the slowest signal declared
the second source. Next, all
harmonics and all products of
harmonics of first and second
source are projected out of
the expanded signal. Iterating
this scheme can in principle
extract an arbitrary number of
sources (if they are in the mix-
ture), but noise reduces per-
formance for later sources.
The graphs at the bottom
show the extracted sources y1
and y2. As the scatter plots on

the left between the extracted and the true sources show, the first source has a wrong sign (it can principally
not be recovered), but otherwise the extraction is very good.
Figure: (Wiskott et al., 2011, Fig. 13, © CC BY 4.0, URL)2.8
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